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Abstract

This paper considers the problem of deriving heteroskedasticity and autocorrelation
robust (HAR) inference about a scalar parameter of interest. I derive finite-sample
optimal tests in the Gaussian location model, under nonparametric assumptions on
the underlying spectral density. The optimal test trades off bias and variability, and
requires an adjustment of the critical value to account for the maximum bias of the
implied long-run variance estimator. I find that with an appropriate adjustment to the
critical value, it is nearly optimal to use the so-called equal-weighted cosine (EWC)
test, where the long-run variance is estimated by projections onto g type II cosines. The
practical implications are an explicit link between the choice of ¢ and assumptions on
the underlying spectrum, as well as a corresponding adjustment to the usual Student-t
critical value. Simulations show that the suggested new EWC test also performs well
outside the Gaussian location model.
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1 Introduction

This paper considers the problem of deriving appropriate corrections to standard er-
rors when conducting inference with autocorrelated data. The resulting heteroskedasticity
and autocorrelation robust (HAR) inference has applications in OLS and GMM settings.!
Computing HAR standard errors involves estimating the “long-run variance ” (LRV) in
econometric jargon. Classical references on HAR inference in econometrics include Newey
and West (1987) and Andrews (1991), among many others. The Newey-West/Andrews ap-
proach is to use t- and F-tests based on consistent LRV estimators and to employ the critical
values derived from the normal and chi-squared distributions. The resulting HAR standard
errors are asymptotically justified in a large variety of circumstances.

Small sample simulations,? however, show that the Newey-West/Andrews approach can
lead to tests that incorrectly reject the null far too often. A large subsequent literature
(surveyed in Miiller (2014)) has proposed many alternative procedures. These procedures
employ inconsistent LRV estimators and demonstrate better performance for controlling the
null rejection rate. To implement these procedures in practice, however, the user must choose
a tuning parameter. One example is the choice of b in the fixed-b scheme,? in which a fixed-b
fraction of the sample size is used as the bandwidth in kernel LRV estimators. Another
example is the choice of ¢ in orthornormal series HAR tests,* in which the LRV is estimated
by projections onto ¢ mean-zero low-frequency functions of a set of orthonormal functions.
The choice of the tuning parameter embeds a tradeoff between bias and variability of the
LRV estimator. It subsequently leads to a size-power tradeoff in the resulting HAR inference.
Previous studies address this tradeoff by restricting attention to HAR tests that are based on
kernel and orthornormal series LRV estimators. They derive the optimal tuning parameter

based on second-order asymptotics and under criteria that average the functions of type I

For instance, OLS/GMM with HAR inference has been used in many econometric applications, such
as testing long-horizon return predictability in finance (see, e.g., Koijen and Van Nieuwerburgh (2011) and
Rapach and Zhou (2013)) and estimating impulse response functions by local projections in macroeconomics
(see, e.g., Jorda (2005)).

2See, e.g,, den Haan and Levin (1994, 1997) for early Monte Carlo evidence of the large size distortions

of HAR tests computed using the Newey-West/Andrews approach.
3See pioneering papers by Kiefer, Vogelsang, and Bunzel (2000) and Kiefer and Vogelsang (2002, 2005).

Also see Jansson (2004); Miiller (2004, 2007); Phillips (2005); Phillips, Sun, and Jin (2006, 2007); Sun,
Phillips, and Jin (2008); Atchadé and Cattaneo (2011); Gongalves and Vogelsang (2011); Sun and Kaplan

(2012); and Sun (2014a), among many others.
4See, e.g., Miiller (2004, 2007); Phillips (2005); Ibragimov and Miiller (2010); and Sun (2013), among

many others.



and type II errors with different weights.> It is not clear, however, whether the resulting
HAR tests would remain optimal in finite samples if those restrictions were not imposed.

The purpose of this paper is to provide formal results of finite-sample optimal HAR
inference about a scalar parameter of interest, without restricting the class of tests and with
conventional notions of optimality in hypothesis testing. In particular, I derive finite-sample
optimal (weighted average power maximizing scale invariant) HAR tests in the Gaussian
location model, under nonparametric assumptions on the underlying spectral density. I find
that with an appropriate adjustment to the critical value, it is nearly optimal to use the
so-called equal-weighted cosine (EWC) test (cf. Miiller (2004, 2007); Lazarus, Lewis, Stock,
and Watson (2018)), where the LRV is estimated by projections onto ¢ type II cosines.

The main assumption in this paper is that the underlying normalized spectral density is
known to lie in a nonparametric function class F, which possesses a “uniformly minimal”
function. By normalized spectral density, I mean its value at the origin is normalized to unity.
By “uniformly minimal” function of F, I mean there exists a known function f in F such that
f(@) < f(¢), ¢ € [=m, 7] for all fin F. The function f determines how steeply sloped the
spectrum is allowed to be away from frequency zero. Note that an explicit stance on possible
shapes of the spectrum is necessary, because otherwise there does not exist a nontrivial HAR
test (cf. Potscher (2002)). The notion of “uniformly minimal” function further characterizes
the minimal assumption on the spectrum, such that a nontrivial HAR test exists. I stress
that the class F is of a nonparametric nature, as opposed to possibly strong parametric
classes.% It may contain smoothness restrictions (e.g., bounds on derivatives) and/or shape
restrictions (e.g., monotonicity).

This paper makes three main contributions. First, I establish a finite-sample theory of
optimal HAR inference in the Gaussian location model. To do so, I follow Miiller (2014) and
recast HAR inference as a problem of inference about the covariance matrix of a Gaussian
vector. The spectrum, as an infinite-dimensional nuisance parameter, complicates solution
of the problem. To overcome this obstacle, I use insights from the so-called least favorable
approach and identify the “least favorable distribution” over the class F. The resulting
optimal test trades off bias and variability, and requires an adjustment of the critical value

to account for the maximum bias of the implied LRV estimator. Both the optimal tradeoff

°See, e.g., Sun, Phillips, and Jin (2008) and Lazarus, Lewis, and Stock (2019).
6For parametric examples, Robinson (2005) assumes that the underlying persistence is of the “fractional”

type and derives consistent LRV estimators under that class of DGP’s; Miiller (2014) assumes that the
underlying long-run property can be approximated by a stationary Gaussian AR(1) model, with coefficient

arbitrarily close to one and derives uniformly valid inference methods that maximize weighted average power.



and the adjusted critical value are functions of the underlying primitive F, namely the
spectral densities one is willing to consider.

Second, I find that nearly optimal HAR inference can be obtained by using the EWC
test, but only after an adjustment to the Student-¢ critical value. The practical implications
are an explicit link between the choice of ¢ and assumptions on the underlying spectrum,
as well as a corresponding adjustment to the Student-t critical value. In detail, consider a
second-order stationary scalar time series y,. The spectral density of y; scaled by 27 is given
by the function f : [—m, 7] — [0,00). To test Hy : Efy:] = 0 against H; : Efy] # 0, the
EWC test uses a t-statistic

Yo
thWC = T? (1)
\/ Zuj=1 Y; /q
where Yj is the sample mean of y, and Y}, 7 = 1,2,..., ¢ are g weighted averages of y; as Y; =

T2 Zthl cos(mj(t —1/2)/T)y,. These weighted averages can be approximately thought
of as independently normally distributed, each with variance T~ f(7j/T). As mentioned
earlier, the choice of ¢ embeds a bias and variance tradeoft of the LRV estimator 23:1 Y?/q.
The conventional wisdom is to choose ¢ sufficiently small such that {Y;}7_, can be treated
as independent normal with equal variance. By doing so, one avoid possibly large bias in
estimating the LRV, and the resulting EWC test has less size distortions when the Student-t
critical value is employed. In contrast, the new EWC test suggests using a larger ¢ and an
appropriately enlarged critical value for more powerful inference. Both the choice of ¢ and
the critical value adjustment depend on the class F.

Figure 1 illustrates this second contribution in the problem of testing Ely| =0, f € F
against the local alternative E[y,] = dT~/2 for T' = 100, where y, follows a Gaussian white
noise and the “uniformly minimal” function of F is the normalized spectrum of an AR(1)
model with coefficient 0.8. In this context, to avoid size distortions larger than 0.01, one
needs to choose ¢ = 3 when the Student-t critical value is employed. The new nearly optimal
EWC test, however, has ¢ = 6 and inflates the Student-¢ critical value by a factor of 1.15.
This new EWC test nearly achieves a weighted average power bound for all size-controlling
scale invariant tests. It has a 38.1% efficiency gain over the size-adjusted EWC test using

g = 3, in order to achieve the same power of 0.5.7

"By efficiency gain, I mean the increase of 62 in percent for the size-adjusted EWC test using ¢ = 3 in
order to achieve the same power of the new EWC test. I note that one cannot directly appeal to Pitman
efficiency measure (the increase of the number of observations required to achieve the same power) in the

context of Figure 1, since the sample size T is fixed at 100. A different calculation, however, shows that for



Figure 1: Power function plot of a weighted average power (WAP) bound induced test,
optimal EWC test and size-adjusted EWC test using ¢ = 3.
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Notes: Under the alternative, the mean of vy; is 7~/2 and y; follows a Gaussian white noise. Under the null,

the “uniformly minimal” function of F corresponds to an AR(1) with coefficient 0.8. Sample size T' = 100.

Third, I propose a simple first-order adjustment to the critical value of the EWC test. The
adjusted critical value is computed easily, by inverting a one-dimensional numerical integral.
For practical convenience, I offer a rule of thumb to adjust the Student-¢ critical value of
the EWC test in Table 2, as follows. Under a series of classes F in which the “uniformly
minimal” function is the normalized spectrum of an AR(1) with coefficient p = 1 — ¢/T,
Table 1 lists the optimal choice of ¢ and the adjustment factor of the Student-t¢ critical value
for selected ¢ (and p for fixed T' = 100). It turns out that the resulting optimal choice of
g (almost) remains unchanged as 7" varies, for fixed ¢ < 55. More interestingly, for fixed ¢
and T, the adjustment factor does not change substantially under other types of F. Table 2
collects the adjustment factors in Table 1 for selected ¢. As a practical matter, if researchers
pick a value of ¢ by some other means, then I suggest adjusting the corresponding Student-¢
critical value according to Table 2.

This paper relates to a large literature. First, unlike the vast majority of the HAR

T = 50 the size-adjusted EWC test using ¢ = 6 has power of 0.5, under the same § such that the EWC test
using ¢ = 3 yields power of 0.5 for T" = 100.



Table 1: Optimal ¢ and adjustment factor of the Student-t critical value of level o EWC
test.

c 5 10 18 30 40 50 77
p 0.95 0.9 0.82 0.7 0.6 0.5 0.23
a=005|(3,1.55) | (4,1.25) | (6,1.15) | (8,1.09) | (10,1.06) | (12,1.05) | (20,1.03)

Notes: Based on a series of classes F, in which the “uniformly minimal” function is the normalized spectrum
of an AR(1) with coefficient p = 1 —¢/T. Sample size T is 100, but the resulting optimal choice of ¢ (almost)
remains unchanged for fixed ¢ < 55 and for T = 200, 500, 1000.

Table 2: Rule of thumb for adjustment factor of the Student-¢ critical value of level « EWC
test.

q 3 4 6 8 9 10 11 12 16 20
a=20.05]155|125]1.15{1.09 | 1.07 | 1.06 | 1.06 | 1.05 | 1.04 | 1.03

Notes: Each ¢ is justified as the optimal choice of level « EWC test, under some class F and for sample size
T. An example of the corresponding class F is the one in which the “uniformly minimal” function is the

normalized spectrum of an AR(1) model with coefficient p =1 — ¢/T as in Table 1.

literature, I consider optimal HAR inferences without restricting the class of tests. Second,
the majority of the literature addresses the sampling variability of LRV estimators via the
so-called fixed-b asymptotics, and further accounts for bias by higher-order adjustment to
the fixed-b critical value.® In contrast, I concurrently tackle bias and variance in estimating
the LRV by a first-order adjustment. Even so, the resulting adjusted critical value is easily
computed without simulations. Third, this paper contributes to the uniform size control
literature developed by Miiller (2014), Preinerstorfer and Potscher (2016), and Potscher and
Preinerstorfer (2018, 2019). In particular, I analytically derive powerful tests that uniformly
control size over arguably large classes of models, while Miiller (2014) numerically determines
powerful tests under a possibly restricted parametric class of models, and Preinerstorfer and
Potscher (2016) and Potscher and Preinerstorfer (2018, 2019) focus on size distortions and
power deficiencies of given HAR tests, allowing for general classes of models.

The suggestion of using a larger ¢ and enlarged critical values for the EWC test mir-

rors recent recommendations for nonparametric inference, such as those of Armstrong and

8See, e.g., Velasco and Robinson (2001); Sun, Phillips, and Jin (2008); Sun (2011, 2013, 2014b); and
Lazarus, Lewis, and Stock (2019).



Kolesar (2018a,b). In different contexts, Armstrong and Kolesar and I both stress the advan-
tage of accepting bias in estimating a nonparametric function and of then using a suitably
adjusted critical value to account for the maximum bias. Our frameworks are, however, dif-
ferent. I consider a Gaussian experiment in which the heteroskedasticity is governed by an
unknown nonparametric function, while the main focus in Armstrong and Kolesar (2018a)
is an unknown regression function in the mean of a homoskedastic Gaussian experiment.
The remainder of the paper is organized as follows. Section 2 sets up the model and
discusses preliminaries. Section 3 derives optimal HAR inference under an essential simpli-
fication. Section 4 relaxes the simplification and discusses nearly optimal HAR inference.
Section 5 contains simulation results, and Section 6 concludes. Proofs and computational

details are provided in the appendices.

2 Model and Preliminaries

Throughout the paper, I mainly focus on inference about p in the location model,
yy=p+u, t=12,...,T, (2)

where p is the population mean of y; and u, is a mean-zero stationary Gaussian process with
absolutely summable autocovariances v(j) = Efusu,—;]. The spectrum of y; scaled by 27
o

is given by the even function f : [—m, 7] = [0,00) defined via f(A) = 3277 cos(§A)v(4)-
With y = (y1,92,...,yr) and e = (1,1,..., 1),

y ~ N(ue, 5(f)), (3)
where X(f) has elements X(f);, = (2m)~" [T f(A\)e7'U"MAd\ with i = v/—1. I note that the

Gaussian location model (3) is considered by researchers as a stylized framework to provide
insights into HAR inference.” The ideas and methods explored in this model can be used
as a foundation for studying HAR inference in general regression and GMM settings. It is
also plausible that the asymptotic validity of the suggested HAR tests can be established
for non-Gaussian time series, in which the large sample Gaussianity holds for spectral trans-

formations, such as those defined in (4) below.!® In fact, simulations in Section 5 show

9For HAR studies based on the Gaussian location model, see, e.g., Velasco and Robinson (2001); Jansson
(2004); Sun, Phillips, and Jin (2008); Sun (2011, 2013, 2014b); Miiller (2014); Lazarus, Lewis, and Stock

(2019), among many others.
10See, e.g., Section 5.3 in Miiller and Watson (2017) for a formal discussion of large sample Gaussianity of

suitably scaled spectral transformations, under appropriate assumptions about the underlying (local-to-zero)

spectrum.



that the suggested HAR tests also perform well outside the Gaussian location model. A
formal extension of the present findings to general GMM settings and to non-Gaussian time
series may, however, involve additional complications.!! An investigation along those lines
is beyond the scope of this paper.

The HAR inference problem in (3) concerns testing Hy : 1 = 0 (otherwise, subtract the
hypothesized mean from ;) against H; : ;1 # 0 based on the observation y. The derivation of
powerful tests in this problem is complicated by the fact that the alternative is composite (u
is not specified under H;), and the presence of the inifinite-dimensional nuisance parameter
f. 1 follow standard approaches to deal with g and mainly focus on tackling the nuisance
parameter f in this paper.

It is useful to take a spectral transformation of the model (3). In particular, as introduced
in the introduction, consider the one-to-one transformation from {y;}7_, into the sample

mean Yy = 71 Zthl y; and the T'— 1 weighted averages:

T
Y, =T7'V2) cos(mj(t —1/2)/T)y, j=1,2,...,T - 1. (4)
=1
Define ® as the 7' x T matrix with first column equal to T~ 'e, and (j + 1)th column with
elements T-'v/2cos(mj(t —1/2)/T), t =1,...,T, and ¢; as the first column of Ir. Then

Y:(%a}/la"WYT),:¢/yNN(ML17QO(f)) (5)

where Qy(f) = ®'E(f)®. The HAR testing problem now becomes Hy : p = 0 against
H; : ;o # 0 based on the observation Y.

A common device for dealing with the composite alternative in the nature of y is to search
for tests that maximize weighted average power over u. For computational convenience, I
follow Miiller (2014) to consider a Gaussian weighting function for p with mean zero and
variance n?. The scalar n* governs whether closer or distant alternatives are emphasized
by the weighting function. For a given f, the choice n* = (k — 1)Q(f)11 (for analytical
simplifications later) effectively changes the testing problem to Hj : Y ~ N (0,Q0(f)) against
H{:Y ~ N(0,9(f)), where

Q(f) = Q(f) + (k= Dy Q(f)11- (6)

This transforms the problem into one of inference about covariance matrices. The hyperpa-

rameter x specifies a weighted average power criterion. As argued by King (1987), it makes

UFor formal discussions of HAR inference in general GMM settings, see, e.g., Sun (2014a); Hwang and
Sun (2017, 2018).



sense to choose k in a way such that good tests have approximately 50% weighted average
power. The choice of k = 11 would induce the resulting best 5% level (infeasible) test (reject
if Y > 3.840(f)1.1) to have power of approximately P(x3 > 3.84/11) ~ 56%. I thus use
k = 11 throughout the implementations.

In most applications, it is reasonable to impose that if the null hypothesis is rejected for
some observation Y, then it should also be rejected for the observation aY’, for any a > 0.
Due to this scale invariance restriction, it is without loss of generality to normalize all f such
that f(0) = 1. Furthermore, by standard testing theory (see, e.g., Chapter 6 in Lehmann
and Romano (2005)), any test satisfying this scale invariance property can be written as a
function of Y* = Y/v/Y’Y. The density of Y* under H/, i = 0,1 is equal to (see Kariya
(1980) and King (1980))

hig(y°) = ClU(N| 2 (v u(f) ') (7)

for some constant C.

By restricting to scale invariant tests, the HAR testing problem has been further trans-
formed into H{ : “Y*® has density ho” against H{ : “Y*® has density h; ;.” The problem
remains nonstandard due to the presence of nuisance parameter f. For simplicity, I direct
power at flat spectrum f; = 1 (white noise). The alternative H] then becomes a single hy-
pothesis H{ ; : “Y"* has density hy y,,” where Qy(f1) = kT 'diag (1,x",...,x7"). Moreover,
under the null I assume f belongs to an explicit function class F and seek scale invariant
tests that uniformly control size over F.

The main concern of this paper is to test the composite null Hy against H} . In this con-
text, a well-known general solution to this type of problem proceeds as follows (cf. Lehmann
and Romano (2005)). Suppose A is some probability distribution over F, and the composite
null Hy is replaced by the single hypothesis Hy, : “Y* has density [ hosdA(f).” Any ad
hoc test . that is known to be of level a under Hy also controls size under Hg ,, because
[ ean(¥®) [ hosdA(f)dy® = [ [ @an(y®)ho,rdy*dA(f) < a. As a result, by Neymean-Pearson
lemma, the likelihood ratio test of Hy , against H{ ; , denoted by ¢a f,, yields a bound on
the power of ¢,;,. Furthermore, if ¢, , also controls size under Hy, then it must be the best
test of Hy against H} ; and the resulting power bound is the lowest possible power bound.
In the jargon of statistical testing, the distribution that yields the best test (should it exist)
is called the “least favorable distribution,” and I denote it by A* throughout the paper.

Unfortunately, there is no systematic way of deriving the least favorable distribution.

To make progress, I proceed in the following two steps. First, I consider an approximate



“diagonal” model, in which for a given f the joint distribution of ¥ under the null is
Y ~ N(0, T \diag(£(0), f(x/T), .., f(x(T = 1)/T)). (®)

In model (8), I analytically derive the least favorable distribution of H{ against HY ; , under
mild assumptions on the class F. I also find that the “optimal” EWC test is nearly as
powerful as the derived optimal test. By optimal EWC test, [ mean the EWC test under an
optimal choice of ¢ and with an optimal adjustment to the critical value. Second, despite
the analytical intractability of the least favorable distribution without approximation (8), it
is still feasible to obtain upper bounds on the power of size-controlling tests of H{ against
HY ;. In particular, I use insights on optimal tests in the diagonal model (8) to establish
tight power bounds for all valid tests in the exact model (5). It turns out that the optimal
EWC test comes close to achieving this power bound. In light of Lemma 1 in Elliott, Miiller,
and Watson (2015), this implies that the resulting new EWC test is nearly optimal for HAR
inference, and the proposed power bound is essentially the least upper bound. I elaborate
on the above analyses in Sections 3 and 4.

Model (8) is in general an approximation of the exact model (5) by ignoring off-diagonal
elements and simplifying the diagonal elements in Qq(f). It is motivated by the fact that
(8) holds exactly when time series y; follows a Gaussian white noise or a Gaussian random
walk process. For stationary g, with f falling into other parametric classes, Miiller and
Watson (2008) find that the covariance matrix of (Yp,Yi,...,Y,) is nearly diagonal for
fixed ¢ and large T'. For stationary Gaussian y, with f being in nonparametric classes, the
aforementioned optimality results suggest that (8) is a useful simplification of (5) for HAR

inference. I will refer to (8) as the diagonal model and (5) as the exact model hereafter.

3 Optimal HAR Inference in the Diagonal Model

In this section, I derive powerful HAR tests in the diagonal model (8). As explained
above, I restrict attention to scale invariant tests that maximize weighted average power over
1 and direct power at the flat spectrum f;. Under the weighted average power criterion, as
specified by a given k, I seek powerful tests as functions of Y* =Y/ VY'Y in the problem of

HY:Y ~ N (0,7 'diag(L, f (x/T),...,f(x(T —1)/T)), fE€F (9)
against Hii,fl (Y ~ N (0, kT Mdiag(1, 7", ... k7)),

where the superscript d in H¢ and H{ ; denotes the diagonal model.

The following assumptions are imposed on F throughout this section.

9



Assumption 3.1
(a) There exists a f € F such that f(¢) < f(¢), ¢ € [=m, 7] for all f € F.

() f(mj/T) > f(x(j +1)/T), j=0,1,...,T —2.

(c) The class F contains all kinked functions defined by f.(¢) = max{f(¢),a}, fora € [0,1].

Assumption 3.1(a) states the existence of a “uniformly minimal” function in F, which
I will use f to denote throughout the paper. Since the value at the origin is normalized to
unity for all spectra here, this assumption can be written as f(0)/f(¢) > f(0)/f(¢) for all
¢ € [—m,m] and f € F. Loosely speaking, more persistence processes have higher values of
f(0)/f(¢). As such, one could understand Assumption 3.1(a) as controlling the degree of
persistence. But I stress that one is not committing to any parametric classes under this
assumption, even if f is defined from a parametric model. For example, suppose [ is the
normalized spectrum of an AR(1) model with coefficient 0.8. Then, the resulting F not
only covers all stationary AR(1) models with coefficient less than 0.8, but it also arguably
contains many other empirically relevant models, such as all MA(1) models and ARMA
models whose normalized spectra may oscillate but are above f.

Assumption 3.1(a) is satisfied by common function classes assumed in the nonparametric
inference literature. For example, when F is the class in which the first derivative of the log
spectrum is bounded in magnitude by a positive constant C, the corresponding “uniformly
minimal” function emerges as f(¢) = exp(—C¢). In addition, only the evaluations of f at
frequencies 7j /T, j =0,1,...,7 — 1 matter in the diagonal model (8). Assumption 3.1(a)
can thus be further weakened to a lower bound assumption on each of f(mj/T).

Assumptions 3.1(b) and (c) regularize F, such that the least favorable distribution over
F exists and puts a point mass on an element in it. Inspection of the proof of Theorem 3.2
shows that Assumptions 3.1(b) is sufficient and may not be necessary.'? But I stress that,
even so, one is not committing to a shape restriction for all spectra in F. Furthermore,
a stronger monotonicity assumption on f, that is, it is non-increasing not only at A =
wj/T, 7 =0,1,...,T — 1, but also over [—m, 7], is often satisfied in the above smoothness

classes F. Thus, given Assumption 3.1(a), Assumptions 3.1(b) is arguably fairly mild.

12T note that this assumption may need to be amended accordingly, if power is directed at other fixed

alternative fl. See Appendix A, especially Lemma A.11 for more details.
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3.1 Optimal test

The optimal HAR test in the diagonal model is stated in the following theorem.

Theorem 3.2 Let F be a set of [ satisfying Assumption 3.1 with the “uniformly minimal”

function f, and for a given k that specifies a weighted average power criterion,

1 If f(m/T) < k1, then the best weighted average power mazximizing scale invariant test of

Hy: =0 against Hy : pu # 0 is the trivial randomized test.

2. If f(m/T) > k1, then the best level o weighted average power mazimizing scale invariant

test ©* of Hy : =0 against Hy : p # 0 rejects for large values of

Y§ + 30 Y (i) T)
Vi +k 23:1 Yj2

(10)

for a unique 1 < ¢* <T' —1, and with the critical value cv, such that the test is of level
a under f = f.

The proof of part 1 of Theorem 3.2 is simple. Notice that for a given x, if f(7/T) <
#~', then the alternative H{ ; is included in the null Hg. As a result, any nontrivial size-
controlling test cannot be more powerful than the trivial randomized test.

The idea of the proof for part 2 of Theorem 3.2 is to conjecture and verify that the least
favorable distribution A* puts a point mass on a function in F. The logic is as follows.
Suppose the conjecture is true and A* concentrates on the function f*. By the Neyman-

Pearson lemma, the optimal test of H{ ,. against H{ ; in the diagonal model is

Ve SV i/T)

oarp =1 T—1
Yi +k Zj:l YjQ

for some cv > 0. On the other hand, as discussed in Section 2, for A* to be the least favorable
distribution, one needs pp« f to uniformly control size under H{. Intuitively, this requires

oA~ to be as indistinguishable as possible from H{'; . This somewhat implies that the
function f* must mimic the discontinuous function of ¢ as f;(¢) = k™ 11[¢ # 0] + 1[¢ = 0].
As illustrated by Figure 2, the function f* must then be kink-shaped, given the presence of
S Tturther show that the optimal location of the kink in f* in conjunction with the resulting
cv is equivalent to ignoring Y; with index j > ¢*. This then gives rise to the optimal test

statistic (10). The formal proof of Theorem 3.2 is given in Appendix A.
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Figure 2: Illustration of the least favorable distribution of H¢ against H{ £, s a point mass

on f*.
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3.1.1 Discussion

Comment 1. Theorem 3.2 shows that we can only be confident about a HAR test if we
are willing to make a prior: assumptions about the persistence properties of the data. Fur-
thermore, it gives an explicit recipe for doing optimal testing as a function of the underlying
primitive, namely the spectral densities one is willing to consider (without some assumption
on the possible spectra, informative inference is impossible, as shown by Pétscher (2002)).

Comment 2. The optimal test (10) can be rewritten as

Yo

Y Z?; w; Y

where the weight w; depends on &, f(7j/T) and cv,-. This implies a (inconsistent) LRV

> 1, (11)

estimator Z;’;l ijj2. Note that I do not start by restricting the class of LRV estimators, yet
a weighted orthornormal series estimator emerges. Moreover, by construction, this estimator
endogenously adjusts the number of included weighted averages and the weights w;’s to the
class of spectra under consideration, in order to optimally trade off variability and the largest
possible bias. This is different from the majority of the literature, which otherwise exploits

flatness of the spectrum close to the origin.
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Comment 3. I first note that, with all positive weights w;’s, the null rejection probability
of test (11) is maximized at f. But, for given x and f, and as ¢* varies, the critical value cvg-
(determined by the level constraint at f) and the resulting weights w;’s change accordingly.
In particular, inspection of the proof reveals that, as ¢* increases, negative weights w;’s
might emerge, in which the null rejection probability of test (11) is no longer maximized at
f (test (11) no longer controls size). But one may desire to use a larger ¢* for power purpose.
It turns out that there exists a unique ¢* such that the resulting test (11) (with all positive
weights w;) maximizes weighed average power, and uniformly controls size over F,

Two remarks are in order: First, for a given k, a larger ¢* would not emerge from a
steeper f, since it is then more likely to induce a negative wy, or it is harder to control size
over a “larger” F. Second, ¢* is an implication here, not an assumption. Said differently, I
do not start by restricting attention to the class of tests as functions of (Yf, e ,qu*),. In
contrast, the approach taken by Miiller (2014) assumes some fixed ¢ as the starting point.

Comment 4. One may wonder whether the notion of optimality here is limited in the sense
that power is directed at flat spectrum f;. But I note that Theorem 3.2 can be adapted to deal
with other possibly more complex alternatives. In particular, with appropriate modifications
of Assumption 3.1, Theorem 3.2 can be adapted to the problem of H¢ against Hf’ i for
other fixed alternative f;. In that case, the resulting ¢* is also f;-dependent. Furthermore,
Theorem 3.2 can be generalized to a minimax result, in which f belongs to a nonparametric
class G C F under H;. In that case, a “uniformly maximal” function in F must be properly
defined as f in Assumption 3.1. For the sake of brevity, I omit the details in this paper.

Comment 5. The combination of Assumption 3.1 and the diagonal model (8) induces
less general yet arguably useful correlation structures relative to the largest possible set
allowed by Potscher and Preinerstorfer (2018, 2019). In particular, Assumption 3.1(a) implies
an “upper bound” on persistence, which partially reduces the set of concentration spaces
considered by Preinerstorfer and Potscher (2016) and Potscher and Preinerstorfer (2018,
2019). Yet their negative results may still apply.

But the diagonal structure (8) essentially facilitates analytical tractability in analyzing
rejection probabilities of positively weighted orthornormal series HAR tests (the largest size
distortion appears at the known f under Assumption 3.1(a)), which include but are not
limited to the derived optimal test as (11) and the EWC test considered below. In this
way, I have implicitly handled the singularity points in Preinerstorfer and Potscher (2016)
and Potscher and Preinerstorfer (2018, 2019), and thus controlled size and established an

optimality result following an extra least favorable argument.
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3.1.2 Computational considerations

The existence and uniqueness result of ¢* in Theorem 3.2 naturally brings computational
convenience in practice. For example, for a given F satisfying Assumption 3.1, one can appeal
to the bisection method to locate ¢*. In my implementations, this takes little computing
time by using the simple algorithm in Appendix B.1. Moreover, the corresponding critical

value cvg+ can easily be determined due to the formula of Bakirov and Székely (2006):

- 1—u (n=1)/2qy,
P\ Z:> gzj?) (12)
( 220 / VT =+ ¢)

where {Zj};-lzo are n + 1 ii.d. standard normal random variables and (; >0, j =1,...,n.

By the t-statistic expression (11), part 2 of Theorem 3.2, and (12), the level « constraint for

the optimal test becomes

7Z3 (1 —u?) @ =/2dy . 13
(Zq 1 W5 (WJ/T) ) / \/Hq (1 —w?+w;f(nj/T)) ’ 1)

where w; = [kevg —1/f(mj/T)] (1 —cvge) ™" is strictly monotone in v+ under Assumption
3.1. The critical value cv,~ is then readily determined by solving equation (13). Computa-

tional details are provided in Appendix B.2.

3.2 The optimal EWC test

By using higher-order expansions, Lazarus, Lewis, and Stock (2019) derive a size-power
frontier for kernel and orthornormal series HAR tests under an asymptotic framework. The
EWC test is shown to achieve that frontier in their context. It is, however, not clear how
the EWC test performs in finite-sample contexts and in the unrestricted class of tests. The
optimal HAR test derived in the last section provides a natural benchmark to gauge the
performance of an ad hoc test. In this section I take up the EWC test as the ad hoc test
and discuss its properties.

I have three related goals. The first is to study the (weighted average) power properties
of the EWC test relative to the optimal test in Theorem 3.2. As it turns out, the EWC test
is close to optimal, under an appropriate choice of ¢ and with the adjusted critical value.
Given the efficiency property of this new EWC test, the second goal is to develop simple
procedures to implement the test. I discuss the two goals in reverse order, first elaborating

on critical value adjustment and optimal choice of ¢ for the EWC test, and then studying
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the power of the resulting test. My last goal is to compare the practical implications of the
new EWC test with the conventional wisdom, that is, to choose a sufficiently small ¢ and use
the Student-t critical value. The general takeway from the comparison is: One should use
the EWC test with a larger ¢ and appropriately enlarged critical values for more powerful
HAR inference.

To clarify ideas and illustrate points in a consistent manner, I use the following running
example throughout this section: Under the null, the “uniformly minimal” function f of the
class F corresponds to an AR(1) with coefficient 0.8; sample size T is fixed to be 100. In
addition, I will frequently refer to the following two types of classes. For the first type, the
“uniformly minimal” function of F is the normalized spectrum of an AR(1) with coefficient
p. For the second type, all spectra in F satisfy a global smoothness assumption, that is, the

first derivative of the log-spectrum log(f) is bounded in magnitude by a constant C'

3.2.1 Critical value adjustment and choice of ¢

The diagonal model (8) makes it easy to adjust the critical value for a given class F. In
particular, for a given f € F, the null rejection probability of the EWC test (1) using the

critical value cv is

Yo zZ2
P >cv| =P : >1], (14)
Vi Y (ql ov? 3 i f(mi/T)Z} )

where {Z;}_, are ¢+ 1 i.i.d. standard normal random variables. Under Assumption 3.1(a),
it is not hard to see that (14) as a functional of f is maximized at f, regardless of the choice
of ¢ and the critical value cv. Two implications are immediate. First, for the testing problem
(9) under a given F, it is easy to gauge the size performance of any ad hoc EWC test. In
the context of the running example, Table 3 shows the size of the 5% EWC test using the
Student-t critical value under selected choices of q. As can be seen, for size distortions less
than 0.01, one needs to use ¢ = 3 in the usual EWC test.

Second, by Bakirov and Székely’s (2006) formula (12), it is easy to adjust the critical
value of the EWC test under any ad hoc g. Specifically, as in solving for the critical value
of the optimal test in Section 3.1.2, the adjusted critical value cvy of the level « EWC test

under given ¢ is obtained by inverting the following level constraint:
2 1 — u2)(q-1)/2
P<_1 — qZO TZ221>:2/ (1 U) du
aH(evg)? X5y [ (7 /T)Z; o T (L = w2 4 g7 (evg)2 (x5/T))

= Q.

(15)
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Table 3: Size of the 5% level EWC test using Student-¢ critical values under selected q.

q 3 4 6 8 10
size | 0.056 | 0.061 | 0.073 | 0.089 | 0.107

Notes: The “uniformly minimal” function of F corresponds to an AR(1) with coefficient 0.8. Sample size T
is 100.

Table 4: Adjustment factor of the Student-¢ critical value and weighted average power of 5%
level EWC test under selected q.

q 3 4 5 6 7 8 9 10
adjustment factor 1.044 | 1.068 | 1.096 | 1.126 | 1.158 | 1.191 | 1.225 | 1.259
weighted average power | 0.390 | 0.422 | 0.434 | 0.438 | 0.436 | 0.431 | 0.425 | 0.417

Notes: The “uniformly minimal” function of F corresponds to an AR(1) with coefficient 0.8. Sample size T'
is 100.

In the context of the running example, the first row in Table 4 summarizes the adjustment
factor of the resulting adjusted critical value relative to the Student-t critical value under
various ¢q. As can be seen, in order to explicitly account for the resulting downward bias of
the LRV estimator » 1_, Y7?/q, one must inflate the usual Student-t critical value by a factor
larger than 1.

Now consider the choice of ¢ in the EWC test. Under given ¢ and using the adjusted

critical value cvy, the weighted average power of the resulting EWC test is

1 —u?)a=D/2dy

p( i >1):z /1 ( |
NP2 T ) T T (e ey )

(16)

The weighted average power (16) can easily be computed for every ¢. Under a given F and
nominal level «, the optimal choice of ¢ for the EWC test is then defined as the one such
that the resulting EWC test has the largest weighted average power. I refer to the EWC
test under the optimal choice of ¢ and with the adjusted critical value as the optimal EWC
test. I stress that the notion of “optimality” for this new EWC test is with respect to the

assumptions on the underlying spectrum, that is, the class F.
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Table 5: Weighted average power (WAP) of the optimal test and the optimal EWC test.

p 0.50 | 0.60 | 0.70 | 0.80 | 0.90 | 0.95 | 0.98 | 0.99
WAP of optimal test | 0.506 | 0.493 | 0.475 | 0.441 | 0.357 | 0.236 | 0.089 | 0.051
WAP of optimal EWC | 0.504 | 0.491 | 0.472 | 0.438 | 0.353 | 0.233 | 0.089 | 0.051

Notes: The “uniformly minimal” function of F corresponds to an AR(1) with coefficient p. Nominal level is
5%. Sample size T is 100.

Table 6: Weighted average power (WAP) of the optimal test and the optimal EWC test.

C 10.0 | 5.6 3.2 1.8 1.0 0.6 0.2 0.1
WAP of optimal test | 0.290 | 0.365 | 0.419 | 0.458 | 0.485 | 0.504 | 0.527 | 0.534
WAP of optimal EWC | 0.286 | 0.361 | 0.415 | 0.454 | 0.482 | 0.501 | 0.526 | 0.533

Notes: The “uniformly minimal” function of F is f(¢) = exp(—C¢). Nominal level is 5%. Sample size T is
100.

3.2.2 Power of the optimal EWC test

Tables 5 and 6 summarize the weighted average power of the optimal EWC test and the
corresponding optimal test under the aforementioned two types of classes F, respectively.
As can be seen, the optimal EWC test is nearly as powerful as the optimal test, regardless
of the underlying F within the two types of classes. In unreported numerical results, under
the second-order Holder class F, the near optimality property of the optimal EWC test

continues to hold.

3.2.3 Practical implications

Recall that the conventional wisdom is to use a sufficiently small ¢ and to employ the
Student-t critical value. I find, however, that it is optimal to use a larger ¢ and to employ
an enlarged critical value. Take the running example as an illustration. As explained earlier,
for size distortions less than 0.01, one needs to use ¢ = 3 in the usual EWC test in which the
Student-t critical value is employed. However, as highlighted in Table 4, the optimal EWC
test has a larger ¢ = 6, and the corresponding Student-¢ critical value must be inflated by
a factor of 1.13 for exact size control. To ensure an apples-to-apples comparison, I compute
the size-adjusted weighted average power of the usual EWC test using ¢ = 3. In contrast to
the optimal EWC test, this EWC test has about 11% weighted average power loss.
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Figure 3: Power function plot of the test ¢*, the optimal EWC test, and the size-adjusted
EWC test using ¢ = 3.

[ (p*
? — o —Size-adjusted EWC, ¢ = 3| 1
@ Optimal EWC, ¢ =6

o
— & - Size-adjusted EWC, ¢ = 3| A
@ Optimal EWC, ¢ =6

Notes: Under the alternative, the mean of y; is T~ /2(1 — p;)~' and y; follows a Gaussian AR(1) with
coefficient p;. Under the null, the f of F corresponds to an AR(1) with coefficient 0.8. Sample size T" is 100.

The superior power property of the optimal EWC test is further evident when local
alternatives are considered. In particular, in the context of the running example, I consider
p=6T~Y2(1— p;)~! under the alternative. Panels (a) and (b) of Figure 3 plot the power of
the test *, the optimal EWC test, and the size-adjusted EWC test using ¢ = 3 for various
d under p; = 0 and p; = 0.8, respectively. As can be seen in panel (a), even though the
optimal EWC test underrejects under the null, it is more powerful than the EWC test using
q = 3 in detecting local deviations from the null. Specifically, by using the optimal EWC
test, a 32.0% efficiency improvement is obtained in order to achieve the same power of 0.5.
In the case in which p; = 0.8, the efficiency gain is larger (48.7%), since the optimal EWC
test then exactly controls size by construction. Furthermore, given that the optimal EWC
test is numerically found to be nearly as powerful as the overall optimal test ¢* in terms of
weighted average power under the white noise alternative, it is not surprising to see that the

power functions of these two tests are almost identical.
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3.3 A Rule of thumb

As a practical matter, one might like to estimate the smoothness class F from data.
Unfortunately, the attempt is not useful. This is because the (nearly) optimal test depends
on F, and a “larger” F leads to a lower power. As a result, one cannot estimate F and
still control size (cf. Potscher (2002)). In implementations of the EWC test, if ¢ is chosen
by some other approach, it still makes sense to adjust the Student-t critical value given the
previous analysis of the optimal EWC test. As a rule of thumb, I suggest that practitioners
implement the EWC test and adjust the Student-t critical value according to Table 2. In
detail, the suggested test about the population mean Hy : 1 = o of an observed scalar time

series {y;}_, is computed as follows.

1. Compute the T cosine weighted averages of {y,}7, : Yo = T~ 301, (4 — po) and Y; =
T2 cos(mj(t —1/2)/T)ys, 5=1,2,...,T — 1.

2. For the researcher’s choice of ¢, compute the t-statistic ty,, = Yy/4 /¢! ?:1 sz.

3. Reject the null hypothesis at level a if |ty, | > Ba 4 cvy®(a), where cvp®(a) is the Student-

t, critical value and B, 4 is the adjustment factor as in Table 2.

As explained in the introduction, the adjustment factors in Table 2 are calibrated based
on a series of classes F in which the “uniformly minimal” function is the normalized spectrum
of an AR(1) with coefficient p =1 —¢/T for T'= 100. I make two additional remarks. First,
there may be multiple ¢ (p) such that the same optimal g emerges, under the respective F.
Second, the adjustment factor for each ¢ does not change substantially under other types of
smoothness classes. Two sets of tables similar to Tables 1 and 2 are provided in Appendix
C, in which the class F imposes some global smoothness assumption on the spectrum. For
these reasons, one should take Table 2 as rule of thumb. Table 1 serves as one illustration of

the underlying smoothness class F, under which the ¢ and adjustment factor are justified.

4 Nearly Optimal HAR Inference in the Exact Model

The discussions in Section 3 are entirely based on the diagonal model (8). For both
theoretical interest and practical relevance, it is natural to ask whether the insights on
optimal HAR inference in the diagonal model continue to hold in the exact model (5).
This section is devoted to addressing that problem. In particular, I continue restricting

attention to scale invariant tests of Hy : u = 0 against H; : p # 0 that maximize weighted
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average power over u and direct power at the flat spectrum f;. Under the weighted average

power criterion, as specified by a given k, the goal is to seek powerful tests as functions of
Y* =Y/VY'Y in the problem of

H5:Y ~N(0,Q(f), feF (17)
against Hy ; 1Y ~ N (0, kT 'diag(1, k", ...,k7Y),

where the superscript e denotes the exact model.

First of all, I note that it is in general difficult to derive the optimal test of (17) under
Assumption 3.1. This is mainly due to the complicated manner by which f enters Qq(f). In
detail, a direct calculation shows that for a given f and j,k=0,1,...,T — 1,

(e = [ 7 () watnar it (18)
wik(\) = (T—li% (S _T1/2) e—i?) (T—lé% (t _Tl/Z) 6T> |

where ¢,(¢) = (\/5)1[#0] cos(mjs), 0 < ¢ < 1. In this case, even if it is true that the least
favorable distribution of (17) puts a point mass on some function f* € F, the determination
of f* seems very diffcult. Alternatively, one may want to impose additional assumptions on
F such that Qy(f) = T 'diag (f(0),..., f(x(T —1)/T)) holds uniformly in f € F. The task
is also hard, since one must then solve (7%+4T')/2 functional constraints, that is, Qo(f);x =0
for every j > k and Qo(f);; = f(mi/T) for every i.

Despite the difficulty in analytically deriving the exact optimal test of (17), one still can
obtain bounds on the power of any size-controlling test by using the bounding approach of
Elliott, Miiller, and Watson (2015). Recall from Section 2 that for any probability distri-
bution A over F, the likelihood ratio test of Hy , against HY ; yields such a power bound.
Suppose there exists an ad hoc test ¢, that is known to control size. If the power of gy
is close to the power bound for some A, then ¢, is known to be close to optimal, as no
substantially more powerful test exists. It turns out that the insights from the diagonal
model are useful in guessing a good A and in justifying the near optimality of the EWC test
in the exact model. In particular, for a given a in [0, 1], let A, be a point mass distribution
on the kinked function f,(¢), as was defined in Assumption 3.1. As argued above, for every
a, the likelihood ratio test of Hy, against HY ; yields a power bound. I then numerically
search for a such that the resulting power bound is minimized. Denote this a by a and the

resulting A by AT. The power bound I employ to gauge potential efficiency of the EWC test
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is then the power of

earn = 1| (VQ(fu)¥) (Y (A)Y) > ev], (19)

for some cv such that Efp,t f,] = o under Hg, . In the following subsection, I show that

the EWC test essentially achieves this bound, after optimal choice of ¢ and critical value
adjustment.

To clarify ideas and illustrate points in a consistent manner, I continue using the running
example introduced in Section 3.2. I also use the two types of smoothness classes introduced
there, except that for the first type I additionally assume every f € F to be non-increasing

over [0, w]."3

4.1 The optimal EWC test

I discuss the EWC test in the exact model in the following three steps. First, given
the aforementioned efficiency property of the EWC test, I elaborate on how to make the
critical value adjustment and choose the g for the EWC test in the exact model. Second, I
use numerical exercises to study the power of the resulting EWC test. Third, as was done
in Section 3, I compare practical implications of the new EWC test with the conventional
wisdom. The general takeaway remains: One should use the EWC test with a larger ¢ and
appropriately enlarged critical values for more powerful HAR inference. Lastly, as a practical
matter, I note that there is no substantial change in the adjustment factor of the Student-¢

critical value, even if the adjustment is made in the exact model.

4.1.1 Critical value adjustment and choice of ¢

I first note that, unlike in the diagonal case, there is no analytical expression to adjust
the critical value for the EWC test in the exact model. To be precise, at given f € F, the

null rejection probability of the EWC test under given ¢ and with the critical value cv is

Yy Zg

Pll—=—|>ce|=P >1], (20)
Nmer (Frersinz )

where {Z;}9_, are ¢ + 1 i.i.d. standard normal random variables. The \;(f),j =1,...,¢in

(20) are the normalized positive eigenvalues of Qg ,(f)/2M (cv,q)Q04(f)*/? (normalized by

13The following numerical results suggest that the monotonicity assumption may sufficiently handle the
singularity points in Preinerstorfer and Potscher (2016) and Pétscher and Preinerstorfer (2018, 2019), even

if the diagonal structure (8) is not imposed.
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the absolute value of the only negative eigenvalue), where € ,(f) is the upper left (¢+ 1) x
(q + 1) block matrix of Qo(f) and M(cv,q) = diag (—1,cv? /%, cv? /¢?, ..., cv? /¢?). Tt is
known from Section 3 that (20) as a functional of f is maximized when all \;(f)’s are jointly
minimized. The opaque mapping from A;(f) back to f, however, prevents us from explicitly
identifying the null rejection probability maximizer(s) like f in the diagonal model.

A natural reaction to this obstacle is to search for the null rejection probability maximizer
numerically. To render this feasible, I approximate f € F as a linear combination of basis
functions. The original task is then transformed into a high-dimensional optimization prob-
lem. To be more precise, let the n + 1 node points {x;}, define a partition of the interval
I = [0, 7] into n subintervals I; = [z;_1,;], i = 1,2,...,n, each of length h; = z; — z;_1,
and o = 0, z, = m. Let C°(I) denote the space of continuous functions on I, and Py (I;)
denote the space of linear functions on I;. Let {¢;}I , be a set of basis functions for the space
Fy, of continuous piecewise linear functions defined by F, = {f : f € C°(1), f|1, € P1(L;)}.
The basis functions {¢;}? , are normalized such that ¢;(z;) = 1[i = j], ¢, =0,1,...,n. By
approximating f via f = >oio f(zi)s; and by (12), T approximate the rejection probability
(20) by

1 —u?)a=D/2dy

. z 21>:z 1 < SEC
(q—l vy NN ZE W/O \/ngl <1 —u?+qtev? (f))

which is a function of the n-dimensional vector (f(z1), f(x2), ..., f(x,)). (By normalization,
f(zo) = 1.) With pre-computed {Q0(s;)}7, based on (18), the computation of (21) takes
very little computing time for each f, and it is feasible to obtain a global maximizer of (21)
subject to implied constraints on (f(z1), f(x2),..., f(z,)) from a given F. Denote the \;’s
at one of those global maximizers by {)\;‘ ?:1. The adjusted critical value cvg® is then readily

determined by inverting

1 —u?)a/2dy

3
- VI (1= + g7 ey )20)

:a’

just like solving (15) in the diagonal model. I provide more computational details on numer-
ically locating the null rejection probability maximizer in Appendix D.

In the context of the running example, I additionally assume that the underlying spectrum
is non-increasing over [0, 7]. Table 7 lists the resulting cvg and cv§ under selected g. As can
be seen, the difference between these two adjusted critical values is slight. More intuitively,

for those cases considered, the largest size distortion of 5% level EWC test using cvy is 0.003
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Table 7: Diagonal model based cv?, exact model based cv®*, and weighted average power

q’ q

(WAP) of 5% level EWC test using cv©.

q 3 4 5 6 7 8 9 10
¢ | 332212966 | 2.817 | 2.756 | 2.739 | 2.747 | 2.772 | 2.806
cvg® 1 3.392 | 3.022 | 2.868 | 2.800 | 2.780 | 2.783 | 2.804 | 2.835

WAP | 0.382 | 0.414 | 0.427 | 0.431 | 0.430 | 0.426 | 0.420 | 0.413

(@Y%

Notes: The “uniformly minimal” function of F corresponds to an AR(1) with coefficient 0.8. All f in F are

non-increasing over [0, 7]. Sample size T is 100.

in the exact model. All of these suggest that it is nearly without loss of generality to adjust
the critical value by following the simple and straightforward rule as in Section 3.2.1. What’s
more, in the context of the rule of thumb in Section 3.3, there is no substantial change in
the suggested adjustment factor, making it a more robust rule of thumb to follow.

Now consider the choice of ¢ in the EWC test. I note that since the alternative hypothesis
of (17) is identical to that of (9), one can proceed as in Section 3.2.1 to choose the optimal ¢
such that the resulting EWC test has the largest weighted average power. The only difference
is that one must replace the adjusted critical value cvy by cvg® in (16). I refer to the EWC
test under the optimal choice of ¢ and with the adjusted critical value cvg® as the optimal
EWC test for the rest of this section.

4.1.2 Power of the optimal EWC test

Table 8 and 9 summarize the weighted average power of the optimal EWC test and the
weighted average power bound induced by (19), under the two types of classes described in
the beginning of Section 4, respectively. As can be seen, for most F under consideration, the
optimal EWC test essentially achieves the corresponding weighted average power bound. In
the spirit of Lemma 1 in Elliott, Miiller, and Watson (2015), the optimal EWC test is then
known to be nearly optimal. The numerical findings also imply that the insights from the
diagonal model continue to be useful in the exact model, even if the analysis of the overall
optimal test is hard. I note that the relatively larger difference between the weighted average
power of the optimal EWC test and the corresponding bound (e.g., under large p in Table
8 and under large C' in Table 9) is not informative about the efficiency of the optimal EWC
test, since it can arise either because the bound is far from the least upper bound, or because

Yan 18 inefficient.
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Table 8: A bound on weighted average power (WAP) and the WAP of the optimal EWC
test.

p 0.50 | 0.60 | 0.70 | 0.80 | 0.90 | 0.95 | 0.98 | 0.99
WAP of optimal EWC | 0.502 | 0.488 | 0.467 | 0.431 | 0.344 | 0.231 | 0.096 | 0.071
WAP bound 0.505 | 0.492 | 0.473 | 0.438 | 0.361 | 0.257 | 0.132 | 0.088

Notes: The “uniformly minimal” function of F corresponds to an AR(1) with coefficient p. All f in F are

non-increasing over [0, 7]. Nominal level is 5%. Sample size T is 100.

Table 9: A bound on weighted average power (WAP) and the WAP of the optimal EWC
test.

C 10.0 | 5.6 3.2 1.8 1.0 0.6 0.2 0.1
WAP of optimal EWC | 0.307 | 0.372 | 0.422 | 0.458 | 0.484 | 0.503 | 0.527 | 0.534
WAP bound 0.323 | 0.382 | 0.428 | 0.463 | 0.488 | 0.506 | 0.528 | 0.534

Notes: The “uniformly minimal” function of F is f(¢) = exp(—C¢). Nominal level is 5%. Sample size
T = 100.

4.1.3 Further remarks on the practical implications

The practical implication on using the EWC test from the diagonal model continue to
hold. In the context of the running example, for size distortions less than 0.01 in the exact
model, one must use ¢ = 3 in the usual EWC test. As highlighted in Table 7, the optimal
EWC test has a larger ¢ = 6. Moreover, one must enlarge the corresponding Student-t
critical value by a factor of 1.15 for exact size control. In terms of weighted average power,
there is a 13% gain by using the optimal EWC test. This efficiency advantage is further
evident when the local alternative u = §T'/2(1 — p;)~! is considered. Panels (a) and (b)
of Figure 4 plot the power of @+ ¢ as in (19), the optimal EWC test, and the size-adjusted
EWC test using ¢ = 3 for various d under p; = 0 and p; = 0.8, respectively. To achieve the
same power of 0.5, there is a 38.1% and 71.1% efficiency gain by using the optimal EWC
test under p; = 0 and p; = 0.8, respectively.
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Figure 4: Power function plot of the optimal EWC test, the size-adjusted EWC test using
q = 3, and the weighted average power bound induced test pp+ g, .
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Notes: Under the alternative, the mean of y; is T~ /2(1 — p;)~' and y; follows a Gaussian AR(1) with
coefficient p;. Under the null, The “uniformly minimal” function of F corresponds to an AR(1) with
coefficient 0.8. Sample size T' = 100.

5 Monte Carlo Simulations

The purpose of this section is twofold. First, I assess size and power performance of the
suggested optimal EWC test relative to other approaches to HAR inference in the Gaussian
location model. Second, I investigate the extent to which the theory derived in the Gaussian
location model generalizes to inference about a scalar parameter of interest in a regression
context.

I compare 18 tests in total. For the EWC test using the Student-t critical value, I con-
sider ¢ = 4,8,12,24. For the optimal EWC test, labeled OEWC, I consider ¢ = 3,6, 8, 10, 20.
According to Table 1, these ¢’s are the optimal choices for 5% level EWC test, under the
class F in which the “uniformly minimal” function is the normalized spectrum of an AR(1)
with coefficient 0.95, 0.82, 0.70, 0.60, and 0.23, respectively for T" = 100. In addition, I
consider Miiller’s (2014) S, test with ¢ = 12,24, 48; Ibragimov and Miiller’s (2010) test with
8 and 16 groups, IMg and IM;g4; the classical approach based on two consistent LRV estima-
tors: Andrews’s (1991) LRV estimator &34, with a quadratic spectral kernel and bandwidth
selection using an AR(1) model, and Andrews and Monahan’s (1992) LRV estimator w3%,;,

in which an AR(1) model is used in prewhitening; and two HAR tests based on inconsistent
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LRV estimators: Kiefer, Vogelsang, and Bunzel’s (2000) Bartlett kernel estimator &z with
bandwidth equal to the sample size, and Sun, Phillips, and Jin’s (2008) quadratic spectral
estimator w3p; with a bandwidth that trades off asymptotic type I and type II errors in
rejection probabilities, in which the shape of the spectrum is approximated by an AR(1)
model and the weight parameter is chosen to be 30.

In all simulations, the sample size is T' = 100. The first set of simulations concerns
inference about the mean of a scalar time series. In the “Gaussian AR(1)” design, the data
are generated from a stationary Gaussian AR(1) model with coefficient p and unit innovation
variance. The second set of simulations concerns inference about the coefficient on a scalar

nonconstant regressor. In the “scalar nonconstant regressor” design, the regressions
Rt - 60 + xtﬁl + Ut, E[ut|xt—17xt—27 o ] = O) = ]-7 s 7T

contain a constant 3y, and the nonconstant regressor x; and the regression disturbances u;
are independent zero mean Gaussian AR(1) processes with common coefficient p and unit
innovation variance. Under the null, the coefficient 3; is hypothesized to be zero.

Except for the three S, tests, I compute the test statistics based on
g = V'SY Xy, (22)

where Sy = T2 X, X/ with X, = (1,z,), b = (0,1), and @y = Ry — By — o1 with
(BO, Bl)’ being the ordinary least squares (OLS) estimator for (5o, 51). For the three S, tests,
[ follow Section 5 in Miiller (2014) to use
VEFX XIS 3

o3l ’

B = VST Xty +

where b, X;, Sx, and 3, are the same as in (22).

Table 10 reports size and size-adjusted power of the 18 tests in the “Gaussian AR(1)”
design. The size adjustment is performed on the ratio of the test statistic and the criti-
cal value to ensure that data-dependent critical values are appropriately subsumed in the
effective test. Not surprisingly, the optimal EWC test almost exactly controls size in the
data generating process (DGP) that coincides with the “uniformly minimal” function of the
underlying smoothness class. This can be seen in the cases of OEWC;3; under p = 0.95 and
OEWCs under p = 0.7. Moreover, though the class of OEWC, tests is known to essentially
maximize weighted average power over p under white noise, they also have better power
performance relative to other tests when the underlying persistence is not negligible. For

example, both the OEWCj test and the Sy4 control size under p = 0.95, but the size-adjusted
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power of OEWCj is 140% larger; the OEWCs test and the KVB test have roughly the same
size distortions under p = 0.95, but the size-adjusted power of OEWCj is 36% larger.

In the “scalar nonconstant regressor” design, let y, =t/ E}lXtut, where Y x is the prob-
ability limit of ¥x under suitable regularity conditions. The time series y; is not Gaussian.
On the other hand, the optimal EWC tests are based on the observable series ¢, which, as
argued by Miiller (2014), behaves like y; — T~ * Zstl ys asymptotically. Despite the non-
Gaussianity of the underlying time series, the optimal EWC tests, as reported in Table 11,
continue to control size well and have better power performance relative to most alternative
approaches. I note that the exceptional size and power performance of the IM, test in Table

11 is specific to the design and explained by Miiller.

6 Conclusion

This paper considers optimal HAR inference in finite-sample contexts. The driving as-
sumption is that the normalized spectrum of the underlying time series lies in a smoothness
class, which possesses a “uniformly minimal” function. Under this assumption, I establish a
finite-sample optimal theory of HAR inference in the Gaussian location model. The optimal
test trades off bias and variability, and requires an adjustment of the critical value to account
for the maximum bias of the implied long-run variance estimator. I find that the EWC test
is close to optimal, but one must make an adjustment to the usual Student-t critical value
and choose an optimal ¢ accordingly. Both the critical value adjustment and the choice of ¢
depend on assumptions on the spectrum. The main implication of my findings is that when
the goal is powerful HAR inference, it is advantageous to allow for bias in LRV estimation

and adjust the critical value to explicitly account for the maximum bias.
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Table 10: Small sample performance for inference about population mean

p EWC, EWCg EWC;; EWCy OEWC; OEWCs OEWCs OEWC;,; OEWCy
Panel A: Size under Gaussian AR(1)
0.0 5.0 5.0 5.0 5.0 1.6 3.3 3.6 4.0 4.4
0.7 5.7 6.8 8.7 15.4 1.8 4.2 5.1 6.3 12.1
0.9 9.4 17.7 25.1 40.1 2.7 9.9 14.6 19.3 34.7
0.95 17.3 32.4 42.0 57.0 4.9 20.8 28.6 35.0 52.1
0.98 36.3 54.4 62.6 73.5 13.4 424 50.9 57.0 70.1
0.999 83.3 89.7 91.9 94.5 68.5 85.9 88.7 90.5 93.7
Panel B: Size-adjusted power under Gaussian AR(1)
0.0 34.0 41.9 45.0 47.9 29.0 38.6 41.9 43.9 47.3
0.7 34.6 42.9 45.4 48.8 29.5 39.5 42.9 44.8 47.9
0.9 36.6 44.5 46.9 48.9 314 41.7 44.5 45.8 48.5
0.95 39.5 47.1 49.2 51.0 34.3 44.9 47.1 48.5 50.8
0.98 49.1 56.95 58.6 60.3 43.2 54.3 56.5 57.8 60.0
0.999 99.7 99.9 99.9 100.0 99.3 99.9 99.9 99.9 100.0
P S12 Saa Sis Wior Wim Wity Wip; IM; M6
Panel A: Size under Gaussian AR(1)
0.0 5.0 4.8 5.0 5.9 6.0 5.1 5.0 4.9 5.0
0.7 5.1 5.0 5.3 13.0 8.6 7.4 6.1 7.6 12.2
0.9 5.1 5.3 5.9 24.9 15.1 12.8 8.5 17.6 31.5
0.95 5.0 5.0 5.7 38.3 22.7 19.8 11.6 31.1 48.3
0.98 4.7 4.7 5.3 59.6 37.8 34.2 18.6 592.3 67.0
0.999 4.7 4.9 0.4 91.6 84.1 79.4 53.8 89.0 93.0
Panel B: Size-adjusted power under Gaussian AR(1)
0.0 34.9 43.3 474 49.5 49.0 36.7 47.3 40.5 46.2
0.7 31.9 37.9 41.3 44.6 44.4 35.2 34.5 41.3 46.9
0.9 20.7 22.5 24.5 39.8 38.1 33.3 274 43.5 47.2
0.95 13.4 14.3 14.4 100.0 36.6 33.1 26.0 45.6 494
0.98 8.3 8.8 8.5 100.0 40.6 38.4 28.9 54.4 58.5
0.999 5.4 5.4 5.4 100.0 100.0 93.8 65.2 99.9 99.9

Note: Entries are rejection probability in percent of nominal 5% level tests. Under the alternative, the

population mean differs from the hypothesized mean by 27~/ 2(1 — p)~L. Based on 100000 simulations.
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Table 11: Small sample performance for inference about regression coefficient

p EWC, EWGCs EWC;;, EWCy OEWC3; OEWC; OEWCs OEWC;, OEWCy,
Panel A: Size under scalar nonconstant regressor
0.0 5.4 5.5 5.4 5.5 1.7 3.5 4.0 4.3 4.8
0.7 6.3 6.9 7.2 8.0 2.0 4.5 5.1 5.8 6.9
0.9 9.0 10.9 12.3 17.1 3.0 7.2 8.6 9.9 14.4
0.95 12.4 16.0 19.2 28.0 4.2 10.9 13.2 15.5 23.9
0.98 18.3 25.0 30.7 42.8 7.0 17.6 21.8 25.5 38.1
0.999 28.9 39.9 46.9 58.6 12.2 30.3 36.4 41.4 54.5
Panel B: Size-adjusted power under scalar nonconstant regressor
0.0 46.7 57.7 61.6 65.4 39.4 54.4 57.7 60.1 65.0
0.7 35.3 43.8 46.2 49.3 30.7 40.6 43.8 45.0 48.5
0.9 31.0 37.6 39.7 41.5 27.0 35.3 37.6 38.7 41.2
0.95 31.6 37.9 39.6 42.1 28.1 35.9 37.9 38.9 41.3
0.98 37.7 43.5 45.7 48.4 33.6 41.5 43.5 44.8 47.7
0.999 91.0 94.4 95.2 95.9 87.4 93.4 94.4 94.9 95.8
p S12 Saa Sig W31 ey OEvp Wap; Mg Mg

Panel A: Size under scalar nonconstant regressor

0.0 5.0 4.9 5.1 6.0 6.0 5.4 5.5 5.0 4.9
0.7 5.2 5.0 5.0 10.2 8.0 7.1 7.1 5.5 5.7
0.9 5.3 4.8 4.4 17.7 13.0 11.0 10.2 5.8 5.6
0.95 5.0 4.1 4.1 25.0 18.0 15.4 13.7 5.6 5.3
0.98 4.1 3.5 3.5 36.0 25.6 22.4 19.0 5.0 5.1
0.999 2.8 2.5 2.5 51.3 36.9 33.4 26.1 4.7 4.9
Panel B: Size-adjusted power under scalar nonconstant regressor
0.0 46.5 58.4 64.2 68.2 68.0 50.8 66.6 53.1 54.2
0.7 35.1 44.0 48.4 49.7 48.8 37.9 44.9 44.4 52.1
0.9 29.7 35.1 37.9 100.0 37.6 32.7 33.9 52.9 73.9
0.95 27.3 31.5 32.8 100.0 35.3 32.5 31.1 70.3 91.6
0.98 25.5 29.2 29.6 100.0 38.8 36.7 33.7 93.5 99.7
0.999 32.0 37.0 37.0 100.0 89.5 87.8 80.3 100.0 100.0

Note: Entries are rejection probability in percent of nominal 5% level tests. Under the alternative, the
population regression coefficient differs from the hypothesized mean by 2.57~'/2(1 — p?)~1/2. Based on
100000 simulations.
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Appendix A Proofs in Section 3

Before proving Theorem 3.2, I make some additional notations. Let {Z;}7_, be n + 1
ii.d. standard normal random variables throughout this section. For ¢ € R and n > 1,
let J,(() = P <Z§ > Z]2Q> and define K,(¢) = P (Zg <> ZJQCZ> For a given
1<G<T-—1,agiven f arising from Assumption 3.1(a), a given f; (specifically referred to
as kK '1[¢ # 0] + 1[¢ = 0] in Section 3), and 0 < a < 1, define cv; such that

P ((1 —cvg) 23 > Z [evgrf(mj/T) — 1] Zf) = a, (23)

j=1

and a condition condg

. lélxq{CVqui(ﬂ'j/T> — 1} <0or ‘:111’12111 q{Cnglii(ﬂ'j/T) — 1} > 0. (24)

J=52. J=1,4,...,

Further, for ¢,¢ € R%, denote ¢* (£F) the vector with the same components as ¢ (), but
sorted in descending order. We call £ weakly majorizes ¢ (£ >, () iff Z?:l & > 25:1 ¢; for
1 <k <n If in addition, Y 7 | § = > 7, (j, we say that § majorizes ¢ (§ > ().

The following lemmas establish some useful properties of J,,(-), K,(-), cvg, and cond;.
It is worth noting that if power is directed at a general function fl under the alternative,
modified versions of the following auxiliary lemmas hold for f#(¢) = £~ f1(¢)1[¢ # 0]+1[¢ =
0]. In that case, Assumption 3.1 must be amended accordingly: (b) must be changed to
i(ﬂ'j/T)/fl(ﬂ'j/T) > i(ﬂ(j—i—1)/T)/f1(7r(j—|—1)/T), j=0,1,...,7—2, and for the existence
of nontrivial tests we need f(7/T) > x~! fi(m/T). T omit details for brevity and state the

lemmas and the proof of Theorem 3.2 with f;" defined as in the main text.

A.1 Auxiliary lemmas

Lemma A.1 For any ¢* € R, define M*(¢*) = {( € RY|; > G V1< j < n} and
M) ={CeRYG <GV 1 <j<n} Then J,(¢*) = Ju(C) for any ¢ € M*(*) and
Jn(C*) < Jn(C) for any ¢ € M~((*). Both equalities hold only if ¢ = C*.

Proof. For any ¢ € M*(¢*), the event {Z5 > ", Z3(;} € {Z5 > 77, Z7(;}. Thus
Jn(C*) = Ju(C). In the case ¢; > ¢ for some 1 < j < n, {Z§ > >0 | Z3(;} S {Z5 >
D1 Z3CG Y and Ju(CF) > Jn(C). For any ¢ € M™(¢*), the event {Zg > U, Z3(;} D
{72 > > i Z3C:}. Thus Jo(¢*) < Ju(¢). In the case ¢; < ¢ for some 1 < j < n,
{28 2370 226} 2428 = 5051 282G} and Jo(CF) < Ju(¢). =
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Corollary A.2 For any (* € R}, M™(¢*) and M~ (C*) are as defined in Lemma A.1.
Then K,(C*) < K, (C) for any ¢ € MT((*) and K,,(¢*) > K,(C) for any ¢ € M~(¢*). Both
equalities hold only if ( = (*.

Proof. Simply note that K,,(¢) =1 — J,({). The conclusions then follow from Lemma A.1.

n
Remark A.3

i) A corrected version of Remark 4 in Bakirov (1996) can lead to the same set of conclusions
of Lemma A.1 with a different relationship (€ = ¢ or ¢ = £). The exact statement in that
article is not quite right; i.e., the stated relationship J,(§) > J,(C) is not necessarily true
under weak majorizations. A trivial counterezample is that & = (2,0,0,...,0) >, ¢ =
(0,0,0,...,0) but J(¢) < J(&) = 1. The corrected statement is J,(€) > J,(C) if € = ¢
and £ > 0, ¢; > 0 for all j. This is proved by making use of the (Schur) convexity of

Jn(+) and invoking Caramata inequality.

it) The discussion in (i) and Lemma A.1 provide somewhat complementary sufficient con-
ditions to explore the possible monotone properties of J,,(-) over R".. Unfortunately, they
have not fully characterized the necessary conditions of J,(§) > J.((). Under the con-
ditions (€ — {)(1,1,...,1) + ¢ = & and Y & > 225, G where £ = > i &i/n and
(= Z?Zl ¢i/m, it is less obvious to compare J(§) and J(C) unless ¢ lies at the boundary.

Lemma A.4 For( € R? andn > 1, J,(¢) = 2 fo nl Zgidg) and J,(¢;) = —arcsm \/11741
Proof.
wo= [~ s S s
™o 1+t¢n A+ A+0g) T J1=9) (s +6)

/ 2)(n=1)/2gy
\/H (L—w?+¢)

where the first equality follows from Lemma 2 of Bakirov and Székely (2006), the second

(25)

equality follows by a change of variable s = —1/(1 +t), and (25) follows by another change

of variable u = /1 — s.

2 ) 1
arcsin

_2/1 du _2 b
TJo /A —u2+¢) T 1+

which follows from a change of variable v = u/+/1 4 (; and the fact that the antiderivative

of (1 —v?)~Y?is arcsinv. m
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Lemma A.5 ForO0<a<1,

(a)cvy eists if and only if f(7/T) # x~'. f(7/T) < ™" if and only if 1 S cvy.
(b) condy holds if f(m/T) # ™.

Proof.

(a)In (23) at ¢ =1, if f(w/T) = k™', there does not exist a cvy and « such that (23) holds.

On the other hand, a rearrangement of the event in (23) at ¢ = 1 gives
P(Z3+ 22 > (23 + kf(x)T)Z}) evi) = o

It follows that f(7/T) < ' if and only if 1 < cvi. Moreover, if f(x/T) > w7, the

second part of Lemma A.4 in conjunction with (23) at § = 1 gives

1
T RS @/ T)sin? (am/2) + cos? (am/2)’

which always exists for every 0 < o < 1. In a similar vein, if f(7/T) < x~', we have

1
kf(m/T) cos? (am/2) + sin® (am/2)’

CvVy =

which always exists. Thus, cvy exists if and only if f(7/T) # ™.
(b) It follows from the above that cond; holds if f(m/T) # x™'.
n

Lemma A.6 For f(n/T) # x~' and 0 < o < 1, if condy is violated for some 1 < § < T -2,
then cond, is also violated for any ¢+ 1 <q <T — 1.

Proof. Suppose cond; is violated while condz;, holds. We have

ax {evgrf(mj/T) —1} >0 and j:rlr}Qi’r.}.’q{CVq kf(mj/T)—1} <0. (26)
Case 1. Consider fax. {evgr kf(mj/T) — 1} < 0. We must have cvgy1 > 1; other-
J=1.2,04 =
wise, (23) does not hold at §+ 1. On the other hand, 0 > max {evgm wf(mj/T) — 1} >
J=1,4,..., q -

_max {evge1 £ f(mj/T) — 1}. This, in conjunction with the first part of (26), implies that
J=145 q -
Cvg > cvgp1 > 1, which we now show is impossible. Suppose cvy > cvgpq > 1 is true. Denote
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i = <j<q evgrf(mj/T) —1 <0} (A7 # 0; otherwise, (23) does not hold for §).
Now (23) at ¢ gives

q
a=P|((1—cvy))Z¢ > Z levgrf(mj/T) — 1] Zf)
j=1
1 q
2 - 2
=P|Z;< T~ ovs ; [CVqK,i(ﬂ'j/T) — 1] Zj)
1 . .
=P 25 <= D [evanf(mi/T) = 1] Z} + ——— > [evarf(mi/T) = 1] Z
jeA; " igag
1 .
<P|Z< [~ ovs Z [Cani(W]/T)—l} Z]2 (27)
JEAS
1
P|Z < ——r ; i/T) — 1] 72 2
< 0= 1 —cvi Z_ [qu+1 ni(m/ ) } ! (28)
jEAq
1 .
jeA;
1 , ,
m 2 [CVQ-H /ii(ﬂj/T) — 1} Z]> (29)
J

q

1 g+1 4
=F (Zg T 2 [ven mf(m/T) — 1] Zf) =a,

Jj=1

where (27) is due to the fact that P(A < C'—B) < P(A < C) when A, B, C' are independent
random variables and B > 0 almost surely. The inequality (28) is due to Corollary A.2 and
the fact that for any j € A-, = [evirf(mj/T) — 1] < ﬁ [cvgi1 (7 /T) — 1] under

q’ l—CVq

cvg > cvge1 > 1. The inequality (29) is due to Corollary A.2.

Case 2. Consider 1r12f1in~+1 {evgp1 £ f(mj/T) — 1} > 0. We must have cvgy1 < 1; other-
J: 1=y q -

wise, (23) does not hold at ¢+ 1. On the other hand, 0 < 11(51111~+1 {evgr kf(mj/T) — 1} <
J: 1y q -

' r1n21n A{evgr kf(mj/T) —1}. This, in conjunction with the second part of (26), implies

]: Iy q -

that cvg < cvgpr < 1, which we next show is impossible. Suppose cvg < cvgyg < 1 is true.

Denote AT = {j|1 <j < ¢, cvgrf(mj/T) —1> 0} (A # 0; otherwise, (23) is violated for
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d). Now (23) at g gives

Q

I

s
—/

(1-— CV@')Z& > Z [CV(j mi(wj/T) - 1} Z]2>

j=1

=P (Zg >t Z levgrf(mj/T) — 1] Zf)

j=1

1 1

2 : 2 2
=P\ Z; > v, Z [evgrf(mj/T) —1] Z7 + —ov; Z [evgrf(mj/T) —1] Z;
jeAf igA7

1

>P|Z > v, Z levgrf(mi/T) — 1] ZJ2 (30)
JEAT

1 .

>P|Zz TRp—— > [evan wf(mj/T) = 1] Z3 (31)
— CVg41 " -
]EAé

1

>PlZ2> ——— G /T — 1] Z2
(4> 5 > vees(ri/1) =117
1 .
T e Z (v wf(mj/T) — 1] Zf) (32)
— Vg1 T
]¢Aq

) G+

>P(Zd>—— ; /T)—1]Z; | =
( L CVit1 ]Zl [CV‘IH mi(w]/ ) } J) @,

where (30) is due to the fact that P(A > C+ B) > P(A > C) when A, B, C are independent
random variables and B < 0 almost surely. The inequality (31) is due to Lemma A.1 and

the fact that for any j € AY, =— [evirf(mj/T) — 1] < —t— [evgr1 £ (7j/T) — 1] under

q’7 l—cvg 1—cvgi

cvg < cvgyr < 1. The inequality (32) is due to Lemma A.1.
Collecting the results from Case 1 and Case 2, we know that it is impossible to have
condgy1 hold, given that cond; does not. By induction, we have for f(7/T) # x and 0 <

a < 1, if cond; is violated for some 1 < ¢ < T — 2, then cond, is also violated for any
§+1<q<T-1 =

Corollary A.7 For f(n/T) # x~' and 0 < a < 1, if condy holds for some 3 < ¢ <T —1,
then cond, also holds for any 2 < q < q—1.

Proof. This is the contrapositive statement of Lemma A.6. m
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Corollary A.8 For f(n/T) # r™' and 0 < a < 1, either one of the following will hold:

(a) there exists a unique 1 < ¢* <T — 2 such that cond, is satisfied for all 1 < q < ¢* and
violated for all ¢* +1<q<T —1;

b) cond, is satisfied for all 1 < q <T — 1. In this case, define ¢* =T — 1.
q

Proof. If condr_y holds, by Corollary A.7, (b) is true. Otherwise if condr_» holds, then (a)
is true with ¢* = T'— 2. Otherwise, given that cond; always holds by Lemma A.5, backward

inductions lead (a) to be true for a unique 1 < ¢* <7 —3. =

Corollary A.9 If f in Assumption 3.1(a) equals 1 and 0 < a < 1, then cond, holds for all
1<g<T—-1.

Proof. f(nj/T) =1, j=1,2,...,T—1reduces condr_1 to kcvyp_1 —1 <0 or kevp_g —1 >
0, which must be true for (23) to hold at § = 7" — 1. It follows that cond, holds for all
1<q<T-—1by Corollary A.7. m

Lemma A.10 For f(r/T) # kY 0<a<1,and ¢ as defined in Corollary A.8, either
one of the following will hold:

(a)cvy > 1 foralll < q <g*, and if ¢* > 2, cvgp1 > vy, ¢=1,2,...,¢" —1;
(b)evy <1 foralll < q<g*, and if ¢* > 2, cvge1 < cvy, ¢=1,2,...,¢" — 1.

Proof. Lemma A.5 leads to the conclusions for ¢* = 1. We now focus on ¢* > 2.
Case 1. Suppose kf(m/T) < 1, then Lemma A.5 implies that cv; > 1. Suppose there
exists a ¢ = min{¢|2 < ¢ < ¢*, cvy, < 1}. (I note that cv, cannot be 1 for any ¢ < ¢*;

otherwise, (23) cannot hold at the corresponding ¢.) Then we must have

j:1’ 7777 :1,2 .....
> r1n21n A{evgrf(mj/T) —1} > 0.
§=12,..4 =

-----

There is a contradiction, because max;_y s . g-1{cvg_1 £f(7j/T)—1} < 0. This subsequently
implies that cv, > 1 for all 1 < ¢ < ¢*. Moreover, for each j = 1,....¢", R;(z) =
[f(wj/T)x —1] /(1 — ) is monotonically decreasing in (1,00). (To see this, note that
kf(mj/T) =1 <kf(mj/T)cve —1 <0 for every 1 < j < ¢*.) For (23) to hold sequentially,
we necessarily need cv,iq > cvy, ¢ = 1,2,...,¢" — 1. (Otherwise, the LHS of (23) would

always exceed o by Lemma A.2.)
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Case 2. Suppose kf(m/T) > 1, then Lemma A.5 implies that cvy; < 1. Suppose there
exists a ¢ = min{q|2 < ¢ < ¢*, cv, > 1}. (I note that cv, cannot be 1 for any ¢ < ¢

otherwise, (23) cannot hold at the corresponding ¢.) Then we must have

v mf(m/T) ~ 1} < _max _ {evgrf (m)/T) - 1}

< _max {cvq kf(mj/T) -1} <O,

There is a contradiction, because minj_;5 g 1{cvg_1£f(7j/T) — 1} > 0. This subse-
quently implies that cv, < 1 for all 1 < ¢ < ¢*. Moreover, for each j = 1,...,¢",
Rj(z) = [kf(mj/T)x —1] /(1 — z) is monotonically increasing in (0,1). (To see this, note
that rf(mj/T) — 1> kf(mj/T)cve —1 > 0 for every 1 < j < ¢*.) For (23) to hold sequen-
tially, we necessarily need cvyy1 < cvy, ¢ = 1,2,...,¢" — 1. (Otherwise, the LHS of (23)

would always be below o by Lemma A.1.) m

Lemma A.11 For f(n/T) # k1,0 < a < 1, and ¢* as defined in Corollary A.S, if
additionally Assumption 3.1(b) holds (f(wj/T) > f(x(j +1)/T), j =0,1,....,T —2), and
¢t <T—1, then k~* (i(ﬂ'j/T))_l > cvg forj > ¢t

Proof. Define Q(z,q) = P ((1 —x)Z5 >3, [zkf(mj/T) — 1] Zj2> Given that f(7j/T) >
fr(G+1)/T), j=q +1,...,T—2, it suffices to show x~* (f(7(¢* + 1)/T))71 > eV Sup-
pose not; then we must have £ (f(7(¢* + 1)/T))_1 < V.

Case 1. Suppose xf(m/T) < 1, then cvg > 1 by Lemma A.10. Moreover, by mono-
tonicity of f we must have = (f(m(q* + 1)/T))_1 > 1.

Qv (flr(g" +1)/T)) ", ¢* +1)

:P({l—/ﬁl (F(nlq" + 1)/T ]ZQ> Z [ /T))—lj(ﬂj/T)—l] Zf)

:P<|:1—’f_1 (f(r(q" +1)/T)) ]Z2>Z[ m(g" +1 /T))—li(wj/T)—l] Zf)

=0 < a.
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Pick € such that 1 < cvg —e < k7' (f(m(q" + 1)/T))_1 < cvge. Then

Q(cvy —e,¢" + 1)

=P ([1 — (evg —€)] Z5 > Z [(cvg —e)rf(mj/T) — 1] Zf)

>P ([1 — (evg —€)] Z3 > Z [(cvg —e)k f(mj/T) — 1] Zf)

=Q(cvy —€,4%) > Q(cevyr, ¢7) = «,
where the last but one inequality follows from the fact that Q(-, ¢*) is monotonically decreas-
ing in (1,cvy-) under xf(7/T) < 1.
By the continuity of Q(-, ¢*+1) in [cve —e, 57 (f(w(¢* + 1)/T)) _1] and the intermediate
value theorem, there must exist a number, denoted by cvg«1, such that Q(cvg41,¢*+1) = a.

There is a contradiction, because condy-41 now holds, violating Corollary A.8.

Case 2. Suppose kf(7/T) > 1, then cvy < 1 by Lemma A.10.

g +1
Qevg,¢"+1) =P ([1 —ove] Zg > Z [evg k[ (7§ /T) = 1] Zf)

j=1

<P ([1 — CVg+] Zg > Z [cvq* f@z(ﬁj/T) — 1} ZJ2> = Q(evg,q") = a.

J=1

On the other hand, 0 < &~ (f(7(¢* + 1)/T))71 < cvgr < 1. Then
QU™ (f(a(” +1)/))

:P<|:1—’f_1 (f(r(g" +1)/T))" ]Z2>q§[ m(g"+1 /T))—li(wj/T)—l] Zf)

¢+ 1)

—p <[1 — &7 (f(nlq +1)/T)) | 28 > Z |(f(rla" + 1)/T) ™ i/ T) 1] Zf)
=Q( (f(r(q"+ 1)/T)) " ,q") > @(cvq*,q )=a

where the last but one inequality follows from the fact that Q(+, ¢*) is monotonically decreas-
ing in (0, cvy+) under s f(7/T) > 1.

By the continuity of Q(-,¢* 4+ 1) in [x~! (f(7(¢* + 1)/T))71 ,cvg+] and the intermediate
value theorem , there must exist a number, denoted by cv 1, such that Q(cvg41,¢*+1) = a.
There is a contradiction, because condy-y1 now holds, violating Corollary A.8.

Both Case 1 and Case 2 imply that we must have x~! (f(7(q" + 1)/T))_1 > cvg, and
thus ming 1<jer—1 £ (i(ﬂj/T))fl >evp ifgr<T—1. m
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A.2 Proof of Theorem 3.2

Part 1 of Theorem 3.2 is already proved in the main text. I now focus on proving part 2 of
Theorem 3.2, in which f(7/T) > x~'. Under Assumption 3.1(a) and for 0 < o < 1, Corollary
A.8 shows that there exists a unique ¢* such that either (i) cond, holds for 1 < ¢ < ¢* and
is violated for ¢* +1 < ¢ < T — 1, or (ii) cond, holds for all 1 < ¢ < T — 1, where we
define ¢* = T'— 1. We conjecture that the least favorable distribution A* of (9) puts a point
mass on f*(¢) = f(¢)1[0 < ¢ < wg*/T] + (kevg-)"'1[p > m¢*/T). By Lemma A.11 and
Assumption 3.1(c), the kinked function f* is known to be in F.

Using the same notation from the main text, the best level o test of H \. against H{ h

is

YA fL =

Yo+ 3,0 V2 () T) .
Y2+/<¢ZT Y2 ’

for some cv > 0 such that Ep, . [pa+, (Y®)] = a, where Py, ; denotes the joint distribution
of Y at f = f under HZ. Tt follows that

<Y2+ZT L Y2/ () T) )
a = Py > cv

YR+ RY ) Y?

-1 T-1
= Py (YOZ + ZY}z/f*(Wj/T) > cv (Y{f + KZYf))

J=1 Jj=1

=P ((1 —cv) 73 > i: levief*(mj/T) — 1] Z]2>

j—l

T-1

:P((l—cv Z2>Z evif(mj/T) —1] Z7 + Z [ev /[ evgs — ]Zf), (33)
J=1 J=q*+1

where the last equality follows from the definition of f*. Because Y is a continuous random

vector, the critical value cv is unique. By matching (33) with (23) at (] = ¢*, we have cv =
YE+3 T Y2/ () T) i, J/f(m/T) S
Y2+,‘£ ZT 1 Y2 YQ-H{Z - CVq*

are equivalent Py ;-almost surely, and uniformly in f e FU{fs}. This then leads to the

cvg+. Moreover, the events { > cvge o and

optimal test statistic in (10).

It remains to check that ¢a« ;, controls size under HY, i.e., supjer Ep, ; [oa (V)] < o
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For a given f € F,

Y+ S VP fT) )

Ep, ;lonpn(Y)] =Py j ( Y24+ R Y2
Jj= J

=P ([1 — vy Z3 > Z [evg 5 f(mj/T) — 1] MZﬁ

j=1

/T
P (Zg > 1_—1CV€[*]Z: [evee 6 f(mj)T) — 1] =~

1 & ,
S P (Zg > 1——CVQ*JZI |:CVq* Hi(’ﬂ']/T) — 1} Z]2> = qQ,
where (34) follows from (b) in Lemma A.10 under the condition f(x/T) > x~', and the
inequality follows from the definition of ¢* and Lemma A.1 under Assumption 3.1(a).

In sum, we have shown that A* is indeed the least favorable distribution in testing H¢
against H{ ;, under Assumption 3.1 and f(x/T) > x~'. Further, the statistic (10) is the

best test statistic, and the null rejection probability of this test is maximized at f = f.

Appendix B Computational Details in Section 3

B.1 An algorithm to compute ¢* in Theorem 3.2

In Algorithm 1 on the following page, I first use the bisection method three times to
zoom into a small set of consecutive integers and then locate ¢* by a one-dimensional greedy
search. One might be concerned about the sensitivity of the numerically determined ¢* to
the precision of empirically estimated critical values for different q. As will be explained

below, this is not an issue in implementations with B = 50, 000.

B.2 Computational details for cv, in Theorem 3.2

Given the ¢* delivered via Algorithm 1, I numerically invert (13) by the standard bisection
method. Since the integrand in the last integral in (13) is smooth for typical values of cv«,
I use a 50-point Gaussian quadrature to compute the numerical integration. It suffices
for my purpose with numerical errors of the order le — 6. Moreover, to check whether
the determination of ¢* in Algorithm 1 is sensitive to simulation errors in estimating cvg,
I append a sanity check to Algorithm 1. In particular, I substitute the more precisely

determined cvg«,cvg«_1,cvg_g back into condg«, condg_1, condg«—_o and check whether any
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of them are inconsistent with the definition of ¢*. It appears that having 50, 000 realizations

T-1
of {Z; j—o suffices for our purpose.

Algorithm 1: Bisection method to produce ¢* in Theorem 3.2
Input: F with a well-defined f, T', a = 0.05 by default, x = 11 by default,

B
{{zb T_l}b < B realizations of i.i.d. standard normals for a sufficiently large B.
=1

743=0
Output: ¢* )
Initialization: §« T—1, &vs ¢ inf 47 € Ry|L 5 1 20" Sl >al;
P B &b=1 7| (B2 4m 07 (22)2f (n/T) =
if condg is true with cvg replaced by cvg then
‘ 7" q
else

while condy is false with cvg replaced by cvg do
a5

end

G |52

while conwd: is false with cvs replaced by cAv? do
e [5]

end

for q<—2];t0 22];—2]—1—1 by 1 do

if condyq1 is false with cvgy1 replaced by cvgy1 then

q <
break ;
end
end
end

Appendix C More Tables of Adjustment Factor in the
Diagonal Model

I follow the procedure of producing Tables 1 and 2 to provide two sets of tables under
other types of smoothness classes. See Tables 12 and 13 under the type of F, in which the
first derivative of log(f) is bounded by the constant C'. See Tables 14 and 15 under the type
of F, in which the second derivative of log(f) is bounded by the constant 2C.
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Table 12: Optimal ¢ and adj. factor of the Student-t critical value of level « EWC test.

C

10.0

2.6

3.2

1.8

1.0

0.6

0.3

a=0.05

(4,1.47)

(5,1.30)

(7,1.21)

(9,1.15)

(11,1.10)

(15, 1.07)

(20,1.05)

Notes: Based on a series of smoothness classes F, in which the “uniformly minimal” function is f(¢) =
exp(—C¢). Sample size T'= 100. C is log-spaced between 10 and 0.3.

Table 13: Adjustment factor of the Student-t critical value from Table 12

q 4 6 8 9 10 11 12 16 20
a=0.05| 147 1.30 | 1.19 | 1.21 | 1.11 | 1.10 | 1.09 | 1.07 | 1.05
(10.0) | (5.6) | (3.3) | 3.2) | (1.2) | (1.0) | (0.9) | (0.5) | (0.3)

Notes: Number in parentheses is the C' in f (¢) = exp(—C¢) that rationalizes the corresponding ¢ as the
optimal choice for the EWC test under 7" = 100.

Table 14: Optimal ¢ and adj. factor of the Student-¢ critical values of level « EWC test.

C
a=0.05

100.0
(3,1.25)

56.2
(4,1.22)

17.8
(6,1.14)

5.6
(8,1.07)

3.2
(10,1.06)

1.8
(12,1.05)

1.0
(14,1.04)

Notes: Based on a series of smoothness classes F, in which the “uniformly minimal” function is f(¢) =
exp(—CcZ)Q). Sample size T'= 100. C' is log-spaced between 100 and 1.

Table 15: Adjustment factor of the Student-t critical value from Table 14.

q 3 4 6 8 9 10 11 12 16 20
a = 0.05 1.25 1.22 1.14 1.07 | 1.06 | 1.06 | 1.05 | 1.05 | 1.03 1.02
(100.0) | (56.2) | (17.8) | (5.6) | (4.0) | (3.2) | (2.0) | (1.8) | (0.7) | (0.35)

Notes: Number in parentheses is the C' in f(¢) = exp(—0¢2) that rationalizes the corresponding ¢ as the
optimal choice for the EWC test under 7" = 100.
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Appendix D Computational details in Section 4

In this section, I explain in detail how to numerically identify the null rejection probability
maximizer of the EWC test in testing (17), as introduced in Subsection 4.1.1.

To make things clearer, we repeat some notations from the main text. Let the n + 1
node points {x;}" , define a partition of the interval I = [0, 7] into n subintervals I; =
[zi_1,2], i =1,2,...,n of length h; = x; — x;_1 with g = 0, =, = 7. Let {¢;}", be a set
of basis functions for the space Fj of continuous piecewise linear functions, which is defined
in the main text.

In actual implementations, I choose n = 50, and {z;}?%, are log-spaced nodes in [0, 7].

The basis functions {;}!, are chosen to be the hat functions

(I—Ii_l)/hi s lfl’ - Iz‘,
Si(r) = (i1 — ) /hiyr , fxe iy, (35)
0 , otherwise.

I pre-compute {Q(s;) }1, with a 5,000-point Gaussian quadrature for each non-zero element.
Since each ¢; is compactly supported, these numerical integrations are nearly precise. For
every (f(z1), f(z2), ..., f(2,)), Qo(f) is simply a linear combination of these pre-computed
covariance matrices.

Note, however, that the ultimate objective function I will optimize is (21), which involves
Qo(f) implicitly through A;( f ). In a separate exercise in which, for a given EWC test and a
parametric AR(1) class F with coefficient varying over a fine grid, I compare the rejection
probabilities following the described approximate procedure and an “exact” procedure in
which each entry of Qy(f) is evaluated by numerical integrations via Mathematica. The
difference in the rejection probabilities are at most of the order 0.0001. I thus hold on to the
above choice of n and {;}3°, throughout Section 4.

I proceed in three steps to identify the null rejection probability maximizer for a fixed
EWC test of (17), in terms of (f(z1), f(x2),..., f(z,))".

1. Program up the null rejection probability at a given (f(x1), f(22),..., f(xn)) € R} from

~

(21), where Qo(f) = >"1, f(2:)Q0(s;) with pre-computed {Qo(s;) .

2. Randomly draw 1,000 n-dimensional vectors (f(z1), f(z2),..., f(z,))" such that each
vector corresponds to some f &€ F. This is in general a challenging task, since the

number of numerical constraints to be checked increases exponentially with n for higher
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order smoothness constraints. For feasibility, I focus on two types of smoothness classes:
the class F in which f corresponds is AR(1) with coefficient p and f € F is non-increasing
over [0, 7]; and the class F in which f € F is Lipschitz continuous in logs with Lipschitz
constant C'. It is not hard to see that for the first type, it suffices to check the monotonicity
constraint consecutively and the lower boundedness condition. For the second type, by
the result of Beliakov (2006), the complexity of checking the global Lipschitz condition

is reduced to consecutive checking of local Lipschitz conditions.

3. Use every n-dimensional vector drawn in Step 2 as the initial condition to optimize the
null rejection probability function programmed in Step 1, subject to linear constraints

induced by smoothness class F (as described in Step 2).

Under the above specifications, it takes 5 to 10 minutes to complete the optimization using

fmincon in MATLAB via parallel computing in 12 cores.

43



References

ANDREWS, D. W. K. (1991): “Heteroskedasticity and Autocorrelation Consistent Covari-
ance Matrix Estimation,” Econometrica, 59(3), 817-858.

ANDREWS, D. W. K., anp J. C. MONAHAN (1992): “An Improved Heteroskedasticity and

Autocorrelation Consistent Covariance Matrix Estimator,” FEconometrica, 60(4), 953-966.

ARMSTRONG, T. B., AND M. KOLESAR (2018a): “Optimal Inference in a Class of Regres-
sion Models,” Econometrica, 86(2), 655-683.

(2018b): “Simple and Honest Confidence Intervals in Nonparametric Regression,”
arXiv:1606.01200 [math, stat], arXiv: 1606.01200.

ATcHADE, Y. F., axp M. D. CATTANEO (2011): “Limit Theorems for Quadratic Forms
of Markov Chains,” arXiv:1108.2743 [math/, arXiv: 1108.2743.

Bakirov, N. K. (1996): “Comparison theorems for distribution functions of quadratic
forms of gaussian vectors,” Theory of Probability & Its Applications, 40(2), 340-348.

Bakirov, N. K., anp G. J. SZEKELY (2006): “Student’s t-test for Gaussian scale mix-
tures,” Journal of Mathematical Sciences, 139(3), 6497-6505.

BELIAKOV, G. (2006): “Interpolation of Lipschitz functions,” Journal of Computational and
Applied Mathematics, 196(1), 20-44.

DEN HaAN, W. J., anp A. T. LEVIN (1994): “Vector Autoregressive Covariance Matrix

Estimation,” Manuscript, Board of Governors of the Federal Reserve.

(1997): “A Practitioner’s Guide to Robust Covariance Matrix Estimation,” in

Handbook of Statistics, ed. by G. Maddala, and C. Rao, vol. 15, pp. 299-342. Elsevier.

EvviorT, G., U. K. MULLER, AND M. W. WATSON (2015): “Nearly Optimal Tests When
a Nuisance Parameter Is Present Under the Null Hypothesis,” Econometrica, 83(2), 771
811.

GONGALVES, S., anD T. J. VOGELSANG (2011): “Block Bootstrap HAC Robust Tests:
The Sophiscation of the Naive Bootstrap,” Econometric Theory, 27(4), 745-791.

HWANG, J., AND Y. SUN (2017): “Asymptotic F and t tests in an efficient GMM setting,”
Journal of Econometrics, 198(2), 277-295.

44



(2018): “Should we go one step further? An accurate comparison of one-step
and two-step procedures in a generalized method of moments framework,” Journal of
Econometrics, 207(2), 381-405.

IBRAGIMOV, R., anp U. K. MULLER (2010): “t -Statistic Based Correlation and Hetero-
geneity Robust Inference,” Journal of Business & Economic Statistics, 28(4), 453-468.

JANSSON, M. (2004): “The Error in Rejection Probability of Simple Autocorrelation Robust
Tests,” Econometrica, 72(3), 937-946.

JORDA, O. (2005): “Estimation and Inference of Impulse Responses by Local Projections,”
American Economic Review, 95(1), 161-182.

KARIvA, T. (1980): “Locally Robust Tests for Serial Correlation in Least Squares Regres-
sion,” The Annals of Statistics, 8(5), 1065-1070.

KIEFER, N. M., anp T. J. VOGELSANG (2002): “Heteroskedasticity-Autocorrelation Ro-

bust Standard Errors Using the Bartlett Kernel without Truncation,” Econometrica, 70(5),
2093-2095.

(2005): “A New Asymptotic Theory for Heteroskedasticity-Autocorrelation Robust
Tests,” Econometric Theory, 21(6), 1130-1164.

KIEFER, N. M., T. J. VOGELSANG, aND H. BUNZEL (2000): “Simple Robust Testing of
Regression Hypotheses,” Econometrica, 68(3), 695-714.

King, M. L. (1980): “Robust Tests for Spherical Symmetry and Their Application to Least
Squares Regression,” The Annals of Statistics, 8(6), 1265-1271.

KinGg, M. L. (1987): “Towards a theory of point optimal testing,” Econometric Reviews,
6(2), 169-218.

KowlEN, R. S., anD S. VAN NIEUWERBURGH (2011): “Predictability of Returns and Cash
Flows,” Annual Review of Financial Economics, 3(1), 467-491.

Lazarus, E.,; D. J. LEwis, anp J. H. STock (2019): “The Size-Power Tradeoff in HAR

Inference,” Discussion paper, Harvard University Mimeo.

Lazarus, E., D. J. LEwis, J. H. STock, axnp M. W. WATSON (2018): “HAR Inference:
Recommendations for Practice,” Journal of Business & Economic Statistics, 36(4), 541—
559.

45



LEHMANN, E. L., anp J. P. ROMANO (2005): Testing Statistical Hypotheses. Springer,
New York, 3rd edn.

MULLER, U. K. (2004): “A Theory of Robust Long-Run Variance Estimation,” Working

paper, Princeton University.

——— (2007): “A Theory of Robust Long-Run Variance Estimation,” Journal of Econo-
metrics, 141(2), 1331-1352.

(2014): “HAC Corrections for Strongly Autocorrelated Time Series,” Journal of
Business and Economic Statistics, 32, 311-322.

MULLER, U. K., anpD M. W. WATSON (2008): “Testing Models of Low-Frequency Vari-
ability,” Econometrica, 76, 979-1016.

MULLER, U. K., AND M. W. WATSON (2017): “Low-Frequency Econometrics,” in Advances

in Economics and Econometrics: Eleventh World Congress of the Econometric Society,
ed. by B. Honoré, A. Pakes, M. Piazzesi, and L. Samuelson, vol. II, p. 53-94. Cambridge

University Press.

NEwEY, W. K., anDp K. D. WEST (1987): “A Simple, Positive Semi-Definite, Heteroskedas-

ticity and Autocorrelation Consistent Covariance Matrix,” Econometrica, 55(3), 703-708.

PuiLLips, P. C. B. (2005): “HAC Estimation by Automated Regression,” Econometric
Theory, 21(1), 116-142.

PuiLuips, P. C. B., Y. Sun, anp S. JIN (2006): “Spectral Density Estimation and Ro-
bust Hypothesis Testing Using Steep Origin Kernels without Truncation,” International
Economic Review, 47(3), 837-894.

(2007): “Long Run Variance Estimation and Robust Regression Testing Using
Sharp Origin Kernels with No Truncation,” Journal of Statistical Planning and Inference,
137(3), 985-1023.

PREINERSTORFER, D., AND B. M. POTSCHER (2016): “On Size and Power of Heteroskedas-
ticity and Autocorrelation Robust Tests,” Econometric Theory, 32(02), 261-358.

POTSCHER, B. M. (2002): “Lower Risk Bounds and Properties of Confidence Sets for
[1l-Posed Estimation Problems with Applications to Spectral Density and Persistence Es-

timation, Unit Roots, and Estimation of Long Memory Parameters,” Econometrica, 70(3),
1035-1065.

46



POTSCHER, B. M., anD D. PREINERSTORFER (2018): “Controlling the Size of Autocorre-
lation Robust Tests,” Journal of Econometrics, 207(2), 406-431.

(2019): “Further results on size and power of heteroskedasticity and autocorrelation
robust tests, with an application to trend testing,” Electronic Journal of Statistics, 13(2),
3893-3942.

RAPACH, D., anp G. ZHOU (2013): “Forecasting Stock Returns,” in Handbook of Economic
Forecasting, vol. 2, pp. 328-383. Elsevier.

RoBINSON, P. M. (2005): “Robust Covariance Matrix Estimation: HAC Estimates with
Long Memory/Antipersistence Correction,” Econometric Theory, 21(1), 171-180.

SUN, Y. (2011): “Robust trend inference with series variance estimator and testing-optimal

smoothing parameter,” Journal of Econometrics, 164(2), 345-366.

(2013): “A Heteroskedasticity and Autocorrelation robust F test Using an Or-

thonormal Series Variance Estimator,” The Econometrics Journal, 16(1), 1-26.

(2014a): “Fixed-Smoothing Asymptotics in a Two-Step Generalized Method of
Moments Framework,” Econometrica, 82(6), 2327-2370.

(2014b): “Let’s fix it: Fixed-b asymptotics versus small-b asymptotics in het-
eroskedasticity and autocorrelation robust inference,” Journal of Econometrics, 178, 659—
677.

SUN, Y., anpD D. M. KAPLAN (2012): “Fixed-Smoothing Asymptotics and Accurate F Ap-
proximation Using Vector Autoregressive Covariance Matrix Estimator,” Working paper,

University of California, San Diego.

SUN, Y., P. C. B. PaiLLIPS, anD S. JIN (2008): “Optimal Bandwidth Selection in Het-
eroskedasticity—Autocorrelation Robust Testing,” Econometrica, 76(1), 175-194.

VELAScO, C., axnp P. M. ROBINSON (2001): “Edgeworth expansions for spectral density

estimates and studentized sample mean,” Econometric Theory, 17(3), 497-539.

47



	Introduction
	Model and Preliminaries
	Optimal HAR Inference in the Diagonal Model
	Optimal test
	Discussion
	Computational considerations

	The optimal EWC test
	Critical value adjustment and choice of q
	Power of the optimal EWC test
	Practical implications

	A Rule of thumb

	Nearly Optimal HAR Inference in the Exact Model
	The optimal EWC test
	Critical value adjustment and choice of q
	Power of the optimal EWC test
	Further remarks on the practical implications


	Monte Carlo Simulations
	Conclusion
	Appendix Proofs in Section 3
	Auxiliary lemmas
	Proof of Theorem 3.2

	Appendix Computational Details in Section 3
	An algorithm to compute q in Theorem 3.2
	Computational details for cv in Theorem 3.2

	Appendix More Tables of Adjustment Factor in the Diagonal Model
	Appendix Computational details in Section 4

